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This study investigates the use of Physics-Informed Neural Networks
(PINN) for solving the two-dimensional shallow water equations
(SWE) on a flat bed and proposes a modified PINN with dynamic
mesh-refinement strategy that adaptively increases the density of
collocation points in critical or stiff regions such as propagating wave
fronts and rapidly varying gradients. In the proposed framework,
shallow-water physics is enforced as soft constraints in the loss, with
initial and boundary conditions embedded to ensure a well-posed
formulation without labelled targets. We evaluated fully connected
architectures using the Adaptive Moment Estimation (Adam) and
Limited-memory Broyden—Fletcher—Goldfarb—Shanno (L-BFGS)
optimisation algorithms. Fully connected neural networks are trained
using a combination of Adam and L-BFGS optimisers, and a FDM
solution is employed as a reference for quantitative comparison. The
standard PINN and its dynamically refined variant are evaluated
against the FDM benchmark in terms of convergence behaviour and
predictive accuracy. The results show that the refined PINN
concentrates collocation points in stiff regions, reduces errors near
wave fronts, and achieves accuracy closer to FDM with faster
convergence.

2020 Mathematics Subject Classification: OUMT Press

Introduction

Accurate modelling of shallow-water wave behaviour is essential for applications such as flood
risk assessment, navigation safety, and coastal infrastructure planning [1, 2]. In realistic
settings, wave fields often develop sharp fronts, dispersive features, and multi-scale nonlinear
interactions that challenge classical numerical discretisation’s and substantially increase
computational cost when fine spatial resolution is required. Although finite difference and
finite element methods, as well as spectral models, remain the backbone of operational
prediction, their performance can deteriorate under such conditions, particularly when steep
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gradients and nonlinear interactions must be resolved or when simplifying modelling
assumptions introduce additional uncertainties [3, 4, 5, 6].

Physics-Informed Neural Networks (PINNs) have recently emerged as mesh-free
alternatives for solving partial differential equations (PDEs) by learning continuous solution
fields through the enforcement of governing equations, initial conditions, and boundary
conditions within a unified loss function [7, 8, 9]. While PINNs reduce dependence on labelled
data and offer smooth, differentiable representations, their performance can deteriorate for stiff
or multi-scale shallow-water flows, where uniform collocation sampling struggles to resolve
steep gradients. Recent efforts addressing this limitation include adaptive sampling, domain
decomposition, and hybrid optimisation strategies combining Adam and L-BFGS [10, 11, 12,
13].

In this study, we investigate PINNs for the two-dimensional shallow water equations
on a flat bed and propose a dynamically refined collocation strategy that increases point density
in stiff regions, particularly near propagating wave fronts. The method enforces shallow-water
physics as soft constraints and incorporates initial and boundary conditions, enabling training
without reference solution data. Fully connected architectures, with optional Fourier feature
embeddings, are optimised using the Adam and then the L-BFGS algorithms.

An FDM solution is employed as a benchmark for quantitative evaluation [14]. We
compare a standard PINN and the dynamically refined PINN on canonical 2D-SWE test cases
using error metrics including relative L? error, and convergence behaviour, as characterised by
loss evolution over training iterations [15]. This work aims to clarify when dynamic refinement
enhances PINN accuracy and convergence relative to a baseline PINN, while preserving a
smooth and differentiable representation suitable for further analysis and downstream
applications.

Preliminaries

This section provides the theoretical background for the proposed method, including the
formulation of the two-dimensional shallow water equations and the fundamentals of the
physics-informed neural network framework.

Two-Dimensional Shallow Water Equations

The Two-Dimensional Shallow Water Equations (2D-SWE) constitute a fundamental system
of partial differential equations that model the behaviour of incompressible, hydrostatic, and
free-surface flows in shallow regions. These equations are particularly appropriate when the
characteristic water depth is significantly smaller than the horizontal length scales, which is
typical in coastal, estuarine, riverine, and floodplain, environments [16, 17].

Mathematically, the 2D-SWE captures the conservation of mass (continuity) and the
conservation of momentum in both horizontal directions. The continuity equation expresses
the balance of water volume, while the momentum equations account for the horizontal
transport of momentum, gravitational acceleration, and the influence of bathymetric variations.
The standard form of the 2D-SWE is given by:
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where h(x,y,t) denotes the water surface elevation measured from the bathymetric baseline,
u(x,y,t) and v(x,y,t) represent the horizontal velocity components in the x and y directions,
respectively, whereas b(x,y) is the bathymetric profile (bottom topography), and g is the
gravitational acceleration constant.

Physically, these equations account for several key processes. They represent the
advection of momentum, which describes the transport of water mass and momentum through
its own velocity field. Additionally, they incorporate hydrostatic pressure gradients,

approximated by the terms involving % gh?, which reflect the distribution of pressure due to

the water column. Finally, they include topographic forcing, where gradients in the bathymetry
introduce source terms in the momentum equations, capturing the effects of variations in the
underlying bottom topography on the overall flow dynamics.

Physics Informed Neural Networks

Physics-Informed Neural Networks (PINNs) are an advanced Artificial Neural Network
(ANN) approach that effectively addresses unsupervised learning tasks. By embedding the
governing Partial Differential Equations (PDEs) directly into its loss function as a form of
regularisation, the PINN is able to integrate and respect the underlying physical laws of the
modelled system [18, 19, 20]. Based on Equation (1), this study generated an ANN architecture
of PINN as presented in Figure 1.

h imulation
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[/
//‘\ S@y PDE

Input layer Hidden layer Output layer

Figure 1: The PINN architecture for 2D-SWEs

Journal of Mathematical Sciences and Informatics, Volume 6 Number 1, June 2026, 32-46



PHYSICS-INFORMED NEURAL NETWORKS MODIFICATION 36

Based on Equation (1), this research paper aims to determine three depth-averaged state
variables that describe the system’s evolution over space and time:
(h,u,v): (x,y,t) > R3,

approximated by a neural network:
(hg, Ug, 179) = Ng (x, v, t),

where 6 denotes trainable parameters. Spatial and temporal derivatives are obtained by
Automatic Differentiation (AD). By replacing (h, u, v) with the neural network predictions in
the conservative 2D-SWE in Equation (1), we obtain the associated PDE residual terms as
follows:

Ry = 0thg + 0x(hgug) + 0, (hovy),

1
:Rz = at(hgug) + ax (hgug + Eghé) + ay(hgugvg) + ghgaxb, (2)

1
:Rg = at(hgvg) + ax(hQU.gvg) + ay (hgvg + Eghg) + ghgayb

To train the PINN model, three sets of collocation points had been defined. The set

Sy ={(x;,v;, ttl-)}?':r1 contains the interior collocation points used to enforce the PDEs. The set

So = {(x,-,y]-, 0)}j_vzlrepresents the initial-condition (IC) points, while the set S, =

{Or Yo tk)}l,gil corresponds to the boundary-condition (BC) points, which can be periodic,
solid-wall, or open depending on the problem setup.

The total loss function combines contributions from the PDE residuals and the
boundary and initial conditions. The PDE residual loss, Lppr measures the mean-squared
violation of the governing equations at the collocation points, where each residual R,
corresponds to the continuity and momentum equations of the 2D shallow-water system. It is
expressed as:

1
Lppg = N_Z(R% + R5 + R3).
L

In addition, the initial-condition loss, £, ensures that the network predictions satisfy the
prescribed initial values of water height and velocity fields. It is formulated as:

1 E 2 2 2
LIC:_N (lhg = hol* + lug — ugl® + lvg — vol?),
0
So

where hg, u, and v, denote initial conditions. The boundary-condition loss Lg., ensures that
the neural network predictions satisfy the physical constraints imposed along the boundaries of
the computational domain. To represent different types of boundary conditions in a unified
form, an operator ®(.) is introduced. This operator encodes the specific boundary condition
applied at each boundary point. Mathematically, the boundary-condition loss is formulated as:
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1
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By minimising the total loss, Lz, the PINN framework enforces that the learned
solution conforms to the required physical boundary behaviours throughout the training
process. For PINN cycle the total loss is expressed as:

Ltotar = Lppe + Lic + Lpc.

Through minimisation of L;,;q;, the neural network learns a continuous, differentiable
approximation of the shallow-water solution that is consistent with both the physical laws and
the prescribed initial and boundary conditions.

Methodology

This subsection presents the dynamic mesh refinement strategy employed in this study,
detailing how collocation points are adaptively updated during training to better resolve stiff
regions in the solution of the 2D shallow water equations.

Dynamic Mesh Refinement Strategy for PINNs

Dynamic mesh refinement introduces an adaptive sampling strategy that increases the density
of collocation points in regions exhibiting sharp gradients or rapid solution variations. Let () =
[0,1] x [0,1] represent the spatial domain used to solve the two-dimensional PDE. Within this
domain, two types of grids are introduced as a training domain and a refined (dummy) domain.
The training domain, Q; covers the entire region with a coarser grid resolution to capture the
overall behaviour of the solution efficiently.

In contrast, the refined domain (), focuses on smaller localised areas where the solution
exhibits sharp gradients or rapid variations. This refined domain uses a finer grid spacing to
improve learning accuracy in regions of high stiffness. By combining both domains, the model
maintains computational efficiency across smooth regions while improving resolution and
stability in areas with strong variations, leading to a balanced and accurate representation of
the 2D PDE solution. Figure 2 illustrates the training and refined (dummy) domains in two
dimensions, along with their integration for solving the 2D-SWE using the PINN framework.
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(a) Training domain (b) Dummy domain (c) Combined domain

Figure 2: An illustration of (a) the training domain, (b) the refined domain, and (¢) their integration
for solving the 2D-SWE using the dynamic mesh refinement strategy within the PINN framework

The process begins by training the standard PINN on an initial set of randomly sampled
collocation points, referred to as the training domain ;. After several training iterations, the
predicted solutions (hg, ug, vg) = Ny(x,y,t) are analysed to detect regions exhibiting high
gradient or curvature magnitudes, which correspond to dynamically evolving stiff zones within
the domain.

First, the gradient magnitude of the solution is computed using automatic differentiation
as follows:

2

aua z a'U,Q
60y,0) = Vug ey, 0l = |(52) + (a—y) |

A subset of points exceeding a prescribed gradient threshold 7 is then identified as:

‘QG > {(x,y) € Qt|G(x’y; t) > TG}'

To further refine regions where the solution exhibits rapid curvature changes, the second-order
derivatives are evaluated as follows:

Points with curvature exceeding the threshold 7, are marked as:
Qc ={(x,¥) € Q|C(x,y,t) > 1}

aZUQ
0x?

62u9
dy?

)

C(x,y,t) = max<

The refined (dummy) domain Q4is then constructed as the union of these detected regions:
Qd = QG V) QC

New collocation points are sampled densely within ()4, effectively increasing the training-point
density in critical regions. The updated training set after refinement is given by:

Qt(k+1) — Qt(k) + Qd(k)r

where k is the number of cycle in a certain iteration.
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The adaptive enrichment procedure described above is not only heuristic but also
supported by theoretical insights from residual-based refinement strategies in physics-informed
learning. In particular, allocating new collocation points in regions of large gradients or
curvature effectively reduces the local residual, which in turn accelerates the convergence of
the global PINN approximation.

Flowchart Dynamic Mesh Refinement for PINNs

The flowchart in Figure 3 summarises the algorithmic workflow of the dynamic mesh
refinement strategy for PINNs, highlighting how collocation points are adaptively refined
based on the evolving solution behaviour.

The PINN is trained A set of refinement points Points with the highest

. . i The identified points are
using collocation points is sampled in the Q.7, and loss values are

sampled from the B T cerfhorers e ey | »  considered to have  --» adap t.1v_ely addeq Edis
. ) ; their loss values are then training domain to
Q, during specific

failed to capture the _ ;
5 o | 1 It d. \ f tlff .
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stopping
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Continu the PINN
Process with new
collocation points in
certain of iteration.

Figure 3: Algorithmic workflow of the proposed dynamic mesh refinement strategy for PINNs,
including loss-based evaluation of candidate points, adaptive collocation point enrichment, and
iterative training until convergence

Experimental Results

In this section, solutions obtained using a standard PINN and a dynamically refined PINN are
compared with a high-resolution reference solution computed using the FDM. Within the PINN
framework, the trainable parameter vector 6 represents all weights and biases of the neural
network that approximates the state-variable fields of the 2D-SWE.

Given the spatio-temporal coordinates (x,y,t), the neural network outputs the
surrogate predictions h(x,y,t; 0), @i(x, y, t; 0), and D(x, y, t; ), corresponding to the water
depth and the horizontal velocity components. These surrogate fields are then substituted into
the governing 2D-SWE to construct the physics-based residuals, which quantify how well the
network predictions satisfy the governing equations.

Specifically, the continuity equation residual is defined as:
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oh . ..
m(x,y,t;0) = 5 (x,y,t;0) + a(hu)(x, y,t;0) + @(hv)(x, y,t;0),

while the residuals corresponding to the momentum conservation in the x and y directions are
given by:

oh d (. 1 . Jd
r,(x,y,t;,0) = 3 (x,y,t;0) + o (hz’lz + Egh2> (x,y,t;0) + 3y (h29)(x,y,t; 0),

oh . d /- 1 .
r,(x,y,t0) = E(x, vt 6)+ a(hﬁﬁ)(x, y,t;6) + @<hﬁ2 + Eghz) (x,y,t;0).

Based on these residual expressions, the loss function for the 2D Shallow Water
Equations is formulated by combining the PDE loss, boundary condition loss, and initial
condition loss. Let (x]gi), ;i), t;i)) denote the interior collocation points. The PDE loss is then

defined as
Ny
Lops(8) = Nifz (WC@| +[l@| + @)
i=1

The loss component associated with the initial conditions enforces the network predictions at
time t = 0, such that:

h(x;y' 0) = ho(x'}’)' u(x;}" 0) = uo(x'}’)' v(x;}’; 0) = vo(x'Y)-

Let(xl(é), yI(Ci), 0) denote the initial condition points. The initial condition loss is formulated as

follows:
Nic

L1 (6) = NL (|A(x2.32.0:0) = hP| + [a(x2,32.0:0) ~ u?

i=1

+ |ﬁ(x1(é),y1%), 0; 9) - véi)r).

2

Similarly, the boundary condition loss is defined at boundary points (xgg,ylgic),tgg) with

prescribed target values hg():, u,(;g and vgc) as:
1 Npc y y
_ NOBNOON (® N OBNORON ®
Lpc(0) = N_BCZ <|h(ch'yBc’ tpes 9) —hpe| + |u( B YBc tees 9) - u'BC|
i=1

N OBROIOY 1>
+ |v(xBlC'yBi:’ tpe; 9) — Vpe )

The overall training objective is defined by combining the 2D-SWE residual loss with the
initial and boundary condition losses, resulting in the total loss function. The total loss is written
as:

L(0) = Lppg(0) + L1c(0) + Lpc(0).
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Loss Convergence and Iterative Behaviour

This subsection examines the iterative behaviour of the PINN models through the evolution of
the loss function. A PINN architecture with three hidden layers of 64 neurons each is employed,
using 2,000 interior collocation points, 200 initial condition points, and 200 boundary condition
points.
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Figure 4: Loss value comparison between (a) PINN and (b) PINN with dynamic mesh refinement

As illustrated in Figure 4, with the same configurations the PINN with dynamic mesh
refinement achieves a lower loss compared to the standard PINN. In the dynamically refined
PINN, the loss function exhibits a rise at the beginning of each refinement cycle, followed by
a further decrease, with each cycle reaching a lower loss level than the previous one. Under a
maximum of 1,000 training iterations, the refined PINN attains a minimum loss of the order of
107 after only about 230 iterations, whereas the standard PINN converges around iteration
800 with a minimum loss of approximately 10~*. These numerical results indicate that the
dynamic mesh refinement strategy improves efficiency in terms of the required number of
iterations” and the overall reduction in the loss value.

Accuracy and Error Analysis

To assess model performance, the predicted solution fields are compared with the FDM
reference solution for the 2D-SWE at three representative time instances, as illustrated in
Figure 5.
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Figure 5: Spatial solution fields of the 2D-SWE predicted by the FDM (top row), dynamically refined
PINN (middle row), and baseline PINN (bottom row), illustrating differences in wave-front resolution

From Figure 5, it is evident that the PINN with the dynamic mesh refinement strategy
produces predictions that more closely match the FDM reference solution, which serves as the
numerical benchmark in this study. This observation is consistent with the earlier findings
regarding the lower loss values achieved by the refined PINN model. Furthermore, the
comparison between solution profiles in several temporal slices in Figures 6 and 7 demonstrates
that the PINN incorporating dynamic mesh refinement yields results that closely replicates the

reference solution.
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Figure 6: Comparison of prediction solutions of 2D-SWE obtained by PINN at several temporal slices

HMy.x=0,t=0.78) My, x=0,t=2.03) My.x=0,t=2.89)
1.05

1051 1.025 -

1.00 - L
= T 1.00 - | 1.000 -

0.95

' : r r . . . 1 . — 0.975 r r . r
=50 -25 0.0 2.5 5.0 =50 =25 0.0 25 5.0 =50 =25 00 2.5 5.0
Y ) ¥
— FOM —— PINMN with dynamic mesh refinemeant

Figure 7: Comparison of prediction solutions of 2D-SWE obtained by PINN with dynamic mesh
refinement at several temporal slices

The absolute error produced by each method is also examined, as presented in the
heatmap visualisation in Figure 8 and the numerical summary in Table 1.
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Figure 8: Absolute error of solution 2D-SWE obtained by (a) PINN and (b) PINN with dynamic mesh
refinement
Table 1: Experimental results of 2D-SWE
Method Iteration Loss Value Absolute Error
PINN 800 1,259435e-04 1.208862¢-02
PINN with dynamic mesh refinement 230 2,356221e-06 3,187631e-04
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Based on these results, it is evident that the absolute error generated by the PINN with
dynamic mesh refinement is significantly lower than that of the standard PINN.

Discussion

The numerical experiments demonstrate that incorporating a dynamic mesh refinement strategy
into the PINN framework significantly improves model accuracy and training efficiency for
solving 2D-SWE. Compared with the baseline PINN, which converges more slowly and
stabilises at a higher loss level, the dynamically refined PINN consistently attains lower loss
values across successive refinement cycles, resulting in closer quantitative and qualitative
agreement with the FDM reference solution.

The benefits of dynamic refinement are evident in the predicted water depth and
velocity fields at multiple time instances, where sharper wave fronts and smoother transitions
are more accurately resolved. Slice-based comparisons further confirm that the refined PINN
produces solution structures that are nearly indistinguishable from the FDM benchmark,
indicating superior spatial-temporal resolution. This observation is reinforced by the absolute
error heatmaps and numerical summaries, which show substantially reduced error magnitudes
across the computational domain.

Despite these advantages, the proposed refinement strategy also introduces certain
limitations. In particular, the adaptive enrichment of collocation points increases the training
complexity and may lead to higher computational overhead if refinement is applied too
frequently or without appropriate stopping criteria. Moreover, for problems with extremely
complex or rapidly evolving stiffness patterns, the effectiveness of loss-based refinement may
depend on the choice of refinement thresholds and sampling strategies. Addressing these
aspects, for example through automated refinement control or hybrid error indicators,
represents an important direction for future work.

Overall, these results indicate that dynamic mesh refinement enables PINNs to more
efficiently allocate collocation points in regions of higher solution complexity, thereby
improving numerical stability, convergence behaviour, and predictive fidelity. As such,
dynamic refinement constitutes a promising extension of the PINN framework for nonlinear
hyperbolic systems such as the 2D shallow water equations.

Conclusion

This study presents a comparative investigation of the standard PINN and a dynamically
refined PINN for solving the 2D-SWE, using a FDM solution as the reference benchmark. The
results demonstrate that incorporating a dynamic mesh refinement strategy significantly
improves the performance of the PINN framework. In particular, the refined PINN achieves
faster convergence, reaching a minimum loss of the order of 10~ within substantially fewer
iterations compared to the standard PINN. The improvement is further reflected in the predicted
solution profiles, where the refined PINN exhibits excellent agreement with the FDM reference
across multiple time instances. The absolute error analysis confirms this trend, showing that
the refined model consistently attains lower error magnitudes throughout the spatio-temporal
domain.
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These findings highlight the effectiveness of directing collocation points toward high-
residual regions, enabling the network to better capture sharp gradients and dynamic flow
structures characteristic of the Shallow Water Equations. The dynamic mesh refinement
strategy enhances numerical stability, accelerates optimisation, and increases predictive
fidelity, making it a promising extension for physics-informed learning of non-linear and
hyperbolic partial differential equations. Future research may explore the integration of real
bathymetry data, variable bottom topography, and more complex boundary conditions, as well
as extending the refinement strategy to higher-dimensional or coupled geophysical flow
systems.
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