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Introduction

Sequences initiated from linear recurrences are the fabulous numerical numbers in mathematical
sciences; authors [1, 2, 3] studied the second-order sequences extensively and have various
significant applications in fields such as physical, computational, and applied sciences to work out
the solutions of numerous combinatorial and data structure problems. Author [5] investigated the
generalised relations between the Fibonacci for the coding theory application. Researchers [8, 9,
10, 11, 15] exposed power formulas, sums, and properties of Fibonacci numbers through binomial
coefficients and matrix methods.

Researchers [6, 7, 14] studied and derived numerous closed-form formulas and identities
for second-order linear recurrences. Authors [4, 16, 17, 20, 21, 22] studied several well-known
fascinating identities and used the matrix representations of the Fibonacci sequences to study the
sequence properties and investigate the power of this form of representation. Vajda [18] expressed
identities concerning generalised Fibonacci numbers and binomial coefficients. For the applications
of Fibonacci numbers and their relationships (see [7, 12, 17]) their occurrences in nature.

In this paper, second-order linear recurrences are expressed in the most (p,q) generalised
form to obtain Fibonacci-like numbers in the general formula. The generating function and
Binet’s formula are also obtained in the generalised form. Some existing formulas are found to be
comprehensive, involving the initial terms and the coefficients p and ¢ arbitrarily. It is shown that
various existing results and identities become the special cases of the obtained results with regard to
the generalised definition stated in this article.
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Definition 1. For any arbitrary real numbers p, q, a and b, we define the Fibonacci numbers
v, ( p.q.a, b) generated by the generalised homogeneous recursion relation as

V.(p.g.a,b)= pV, +qV,, ,n22, V,=a, V;=b. (1)
The numbers V, ( .9,V Vz) defined in (1) can also be obtained using

V.(p.q.a,6)=T,  (p,q)b+qT, ,(p,q)a, n=2

T\ (p ) (p
an n>2.T.=0.T = p.T, 1.
[THJ (1 OJ (1’ TR TR

The above sequence is called the generalised (p, g,) -Fibonacci sequence and will be denoted in
short by {V, }.

where

First Ten Terms of (p, q,) - Generalised Sequence

Table 1: First ten terms of the generalised V, (p, g, V,, V) sequence

Sequence terms (n, V) V.®,q,V, V)
n=0,7, v,
n=1,7, v
n=2,V, qv, TV,
n=23,V; apVy+ @P*+ @)V,
n=4,V, q(p2+q)V0+(p3+2pq)V1
n=>5,V; 4’ + 2pq)Vy+ (p*+ 3p’q + ¢V,
n==6,"Vs qg(p*+3p%q + PV, + (p°+ 4p’q + 3pg?)V,
n="1711V, q*+ 4p’q + 3pg)V,+ (p°+ Splq + 6p* > + ¢V,
n=8"Vs q(p°+ 5p'q + 6p’q’ + )V + (p'+ 6p°q + 10p°q* + 4pg*)V,
n=9,V, q(p"+ 6p°q + 10p°q¢* + 4pgP) V,+ (Pt + Tpq + 15p*q* + 10p°¢° + ¢%) v
Special Cases

When the initial values are V,= 0, V,=1 p = g = 1 set, the resulting sequence is the classical
Fibonacci sequence.

* When V=2,V =1and p =g =1 then, the (p,q) sequence is the Lucas sequence.
* WhenV =2,V =3p=35,q=7, the first few numbers of the {V } are:
V) =12,3,29,166,1033,6327,38866,238619,1465157,8996118, -}

1 1 2
e When V =5,VI :3,p=§,q:§ , the first few numbers of the are:

1 44 2468 6428 76564 192268

[l 686 4
! 27757577575573375710125 1518757355625

2.2 Generalised Generating Functions

Journal of Mathematical Sciences and Informatics, Volume 5 Number 1, June 2025, 28-42



K. L. Verma 30

The generating functions of the sequences V. =pV  +qV. , , n>2 V,=a,V,=b, a,b,pandq

are any non — zero real numbers, is [Verma [19] equation (5)],

z v x' = a-I-(b;pa)zx ) )
n=0 (1 - p‘x - qx )
The generalised Binet form

The (p, g)-generalised numbers can be retrieved through the Binet-like formula [ Verma [ 19] equation

5],
v, =[a a:/;, )Vo {C’aif} J(leVo)a 3)

+,/p*-4
where a, f = % are the roots of x* — px—¢q =0.

Fundamental Identities and Their Generalisation

Theorem 1. (The Binet Form) If o and p are the roots of the characteristic equation, x* — px—¢ =0
thenV, = Aa" + BB" where

G VP g @ an:Vm—ﬂKyﬂn:Vm—“K
a-p a-p Vi=-p" aV, =V,

Since D= p* +2¢ #0 this implies @ # 8, a—p=1/p* +4q,

F
AB:ﬁaF =qV; + PV =V, v, =(4a")a” +(B8")B"

n

The definition is used for V', postulates, proofs, and verifications of some existing identities, and after
that, more refined procedures are introduced. Rabinowitz [14] described several similar formulas.

Theorem 2. (The Addition Formula for V)

For all integers n and m,

N
Vo=—7T—""—IV, V, V,

n+m 2 1 2 m+1
U=y, v,

_

mil

vy )V, - (V¥ -V,

m+l)V
—(vr,-12)

n+l

n+m

Horadam [10] described several such formulas.

Verification of theorem (3.2) using the (p, q) generalised definition in (1)
Letn=4,m=2,(V  isthe V)

LHS =V,,,, =(p'a+3p°¢" +@* Vo +(P* +4p°q +3pq’ )V, =V,

RHS — ! Ilf’ :f S [(P'a+30°a +@ Vo + (" +4P°a+3pa Wi |0V + pVF 17
(Von_Vlz)Vl Vz rgl (qVOZ"'PVOVl—Vlz)
n n+l
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=(p'q+3p°¢ + @)V, +(p* +4p°q+3pg* )V, =7,
Hence, the result is verified.
(P, 9)-Generalised Sequence using Binomial Coefficients
Theorem 3. (The Addition Formula for V)

” (m
Vo =Z[k)V,,_kp'”q"  n—k>0.

k=0

Proof. Mathematical Induction is used to check the validity of the result

m (m -
I/;'1+m :Z(kjl/nkpm qu > n_k>0:
k=0

Whenm =1,

LHS =V

n+l
2

(1
RHS = Z[ kJVnkp”‘q" =pV,+qV, =V,..

k=0

The theorem holds for all integer » when m = 1. Using induction, it will be shown that it holds for
every positive integer m.

Let the theorem be true up to the value of m. Then,

" (m ([ m
= Z( . }’,kp'"‘kq" =Z[ k](pV,kl +qV_ )" "

k=0 k=0

ot fo e

m m-1
= ,lp’”“q(’+2(@p () ( ] RUARS A

k=1 k=0

m

m (m m
m+1V +Z[ka " l(pm qu)+ Z(k lj(qV;kl)pm(kl)qkl +qm+1K7m72
=\

m
=p". +Z [kj+[k 1Dm1p’”‘ 'q“+q",
S m+1 mk+1 k
1+Z k +szq

k=1

mlm+1 e
:Z( k thklp ¢ lqk-
=0

Lett=n+1,then

nllim+1 ~
I/n+m+l=z( k ]Vnkpmlqu-

k=0
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This is again the theorem.

Corollary 1. When m = n, then we have

n (n ok
I/Zn = z(kjvnkpnkq, -
k=0

Corollary 2. When m = n+1, then we have

min+1 o
Vi =Z( A ]Vnkp" ' qu .

k=0

The subtraction formula for V.

Melham and Shannon [13] expressed the impure subtraction formula in the following form:

Theorem 4. (The Subtraction Formula) For all non-negative integers m > n

y Vb Val, (Ta)_(p ) (P
m-n (7q)n 2 T; 1 0 1 :

Proof. We prove this formula by induction » and by verifying that both sides satisfy the same
recurrence and initial values.

For n = 0 the identity simplifies to

V — VmT;Hl _VmHTn
(=a)’
_ Vm]; — Vm+1710 — sz — V ]10

v, w1l _y T =1, T, =0
0 (_q)O (_q)O 1 0

So, identity holds n = 0.
For n = 1, the identity simplifies to

this implies

=V, =V, L=V, 0 T =p, I =1and T, =0,

Vm+l = me +qu—l’
So, identity holds n=1.
Assume the identity holds for #, i.e.,
(-4)’
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Now we shall show that it holds for n + 1,

VT, =V, T,

n+2 m+1" n+l

m—(n+1) (_q)nﬂ

VoL, +4T,) -V, .1,
nA }q# S
+ quT;: — Vm+1]:1+l
(7q)n+l
— qu]:'l + meI:Hl _ VmHI:Hl
(_q)wrl
_ quTn +(me *Vm+1)7;+1
(7q)n+1
_aV, L +(pV, — (Y, + 4V, )T,
(_q)nﬂ

I/'mflTn — sz;

_pV.I

n+l

+1

( q)n+l

V. -VT

m=1"n+l m-n
(=a)’

v.r.,-V..I

m+1" n+l

By the induction hypothesis, we have ——2 _m il Vo e

(_q)n+l

So, the formula holds for » + 1 completing the proof using induction.

Verification: Let m =8, n=4 then LHSV, , =q(p2 +q)V0 +(p3 +2pq)V1 =

r,_d La(p*+a)V,+(p +2p9);] _
(_q)n q4 4

The theorem is verified.

Vm]:ﬁl — Vm+l

RHS =

Theorem 5. For all non-negative integers n,

-1
(Vo =VV, )Vl =1) =T,

n

Journal of Mathematical Sciences and Informatics, Volume 5 Number 1, June 2025, 28-42

B Vm+1 = me +qu—l

v

4

33



K. L. Verma

Proof. Employing the relation defined in definition (1), we have

V.(p.g.a,b)=V, =T (p.q)b+qT, ,(p.q)a, n>2,
La)_(p a) (p
T 1 0/ |1

LHS = s H)

1

nan)%

- W[VO (7,(p.q)b+4T, \(p.9)a)-V,(T,, (p.9)b+4T, ,(P.9)a) |
0" 2 1

Since V, =a, V,=b, V,=pb+qa ..VV,-V;} = pab+qa’ —b’

@iﬁ?é?ﬁQFﬁﬁz(”qﬂ”qnz“*qmb+4E1UnWa2E.(nqﬂ*ﬂ)
:(___J__7¥ﬂm414pﬂ)‘qﬂ20%®)+E10xm(mf—bq)

pab+qa® —

Now using 7, (p.q)—q7, ,(p.q) = pT, ,(P.9)

G P ) o)

pab+qa’

Wlaz_bz)(ﬂl (P»Q)(pbaJrCJaz ’bz)):Tnfl(P,q):RHS

Hence, the theorem proved.

Theorem 6. For all non-negative integers »,

(PVo =20V, + (29Vo+ PRV, _
(. -1) '

Kn+2 =pKn+1 +qKn’n 20’]<0 =2’Kl =p
Proof.- Forn=0,

(PVy =2V)V,. + 29V, + pV)V, (pV, =2V)Vi+(29V, + V)V,

LHS = =
(v, -2 (v, -77)

Substitute V, = pV| +qV,, we obtain

:2(pV0V17V12+qV;)2):2=K0.
(PVi =V +9qV7)

So, the first initial condition holds.

Now forn =1
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(pVy =2V)V, +(2qV, + pV, )V,

LHS =
(v, -12)

, since V; = pV +qV,

(pVy =20 (pVy+qVy)+(29V, + PV )V,
(7 (pV+qv,)-77)

PV - eery)
Ty PR

Consequently, the second initial condition holds.
We show that K, = pK ., +¢gK , n>0
Using the definition of K , we have

(PVo=2V)V,.5+(29V, + PV1)V,

K _ n+3 n+2

n2 (VOVZ*Vlz)
:pV

n+l

Now substitute V

n+2

+qV, the formula

(¥, =2V)(PV,.2 + 4V, ) +(29V, + PV)(PV, . +4V,)
(v, -17)

Expanding and rearranging, we obtain

(pV,=2V)V,., +(2qV, + V)Y,

(1) (-7

n+l + qu/
Hence K, = pK  +¢K . Thus, the recurrence relation holds.

Theorem 7. (Simson’s Formula for): For all integers n,

Vo,
A RSN UG
or
V;: I/:1+1 n 2 2
=(—q) (gV +pWV, -V,
Via Vi (o) % V)

Proof. For n =1, we have

on

B AT AR
1 2

=(-q)’ (q75 + PV i -77)

The theorem is valid for p(n,r) :‘VI"/” ">

n n+r
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K. L. Verma 36

Assume that the result is valid for n =k

Ve
v,

k+l

Vk+1

v,

k+2

Therefore,

=(q) (qV2 + PV, -12)

Now for n =k + 1, we have
Via

v,

k+2

v,

k+2

v,

k+3

_ 2
- V;HIV;HS - V;{+2

=V (pI/;Hz +qV;»+l)7I/k2+2 Vs =0V +aV;

k1
=pViiVin +qV;2+1 -V

k+2

:Vk+1 (PVM—Vm)Jqu}zH
=V, (ka+2 7(ka+1 +qV;))+qszﬂ Ve =PV + 4V,
= VeV =4 (=72

v,

k+1
Vea Vi

k+2

=—q(-q) (qv5 + pV )i -17?)

=(~a)" (a5 + V¥ -7)
Hence, the result follows by induction.
Theorem 8. (Catalanls Identity for V). For all integers nand r, n > r

4 4

n-r n

=(=q)"" 17 (g5 + pV¥, - 17?)

n V;H»r

RN

, I, ¥ are non-negative integers, n > r.

Proof. Let M (n,r) = ’ _

n ntr

If n =1, then there is no appropriate r.
So we explore n =2 in its place, implies that » = 1.

n

M(2,1)= vy
2 3

=WV, =V} =V, (pV, +qV;)-V;

=Vi(p(pVi+aV,)+ah)-(pV+aV,)
Using definition (1) and after simplification we have

=(~q)(qV + PV, -1?)
This can be written as
(=) gV PV -12) TR =1
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Thus M(2,1) is true.
Now for n = 3, then appropriate » = 1 and 2, after simplification, we have
M(3.1)=(~q) (475 + PVl =) =(=a) (a3 + PV -T7)
3-1 2 2 2 2
=(=q)" 12 (qV3 +pV Vi -W2) 17 =1
Thus, M(3,1) is true.
P(3,2)=-pq(qV5 + pVV,-V7)
=(~a)" P (V5 + PV -VE) T=p
=(~a) "I (a7 + PV -T7)
Thus, M(3,2) is true.
This is our basis for the induction.

If M (n,r) is true for all r, where n > 3, then, M (n+1,r) follows logically for all r.

So, the induction hypothesis is

n-r n

v,

n n+r

‘V' v =(=q)"" T (qVy + PV =V]) Y n>r

We need to show:

v

n+l-r

|14

n+l

V;l+l
4

ntl+r

=(-q)" T (qVy +pV S -V) I n>r

Induction step, when » = 1, we have

V. Vi
V:1Vn+2 V n+l
Vn+l Vn+2
=V, (anH +qV, ) Vn2+1
=pVV..+ qu Vnzﬂ
=V (p V, =V, ) + anz
=V, (pV, = (pV, +aV,.))+ ¥
= _qV Vn+1 +qV:12

==q(V, 7V, =77) =(=a)" (aV +pVV, - 77)

=) = () B (a8 eV ) T =1

n=1" n+l

n n+l

So, M (n+1,1) holds.
Now we shall show that, if M (n+1,r) is true, for n > r> 2, then, M (n+1,r +1) follows logically.

Our 2™ Induction Hypothesis
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anr+ I/,, -
‘ Vn+11 I/n+:l+1 :(_q) IT'Z (qr/;)2+pV0V;_V12) Yn>r
VoiVira =V = ( ‘])"4Jrl L.} (quz +phh —[/;2).

Then, it is required to show that

kar V;i+l n—r 2 ) )
=(~q)" L. (V5 + PV V) ¥
Vi Vi ( q) r+l ((] o TOVi =N ) n>r
LHS = V;z—r Vn+1
Vn+1 n+r+2
= V;]*VV;H’V#’Z Vﬂzﬂ
V*rV’l+7+2+( n—r+l VI+V+1 H+l) VI r+l "+l+l
] T
ViV =Via =(=a) 12 (aV] + VI -7)
=) L @V VIV Y Ve

=(=q)"" 2 (aV5 + PV I -V )4V, (DY, 44V, )TV,

ntr+l ntr+l

B Vn+r+2 pV+r+l an+r’

=(=q)" (V) + VI V)Y (Y V)40V Y,

=(=q)" """ T (aVy + PV V)V PV, Vi

V+qV,. 7,

n—r’ n+r

V

* U nerel

=pV, . +qV, .,

=(=q) " 2 (qV + PV =V )4V, PV, 0V, + L))+ 4V, T,

=(=a) (W PV V)=V, Va4V,
=(=q) " L@V H PV V) =aV, Va4V 0V, Y~V
=(=q) "L (qVy + PV V)=, Ve =V 40, Y, VD)
=(=q)"" 2 (V3 + PV V) =qU, V=V W,V VD)
Yy Ve =V =(=a)" 1 (aV + PV -T7)

SV V=V =(=q) "1 (a5 + PVl =)

n—r’ n+r n

n—r-1

=(=a) "L qVy + PV -V )=a(-a) L (a8 + V=W )+ a(=a) T T (aVs + PV )

=(~q)""(aV5 + PVl W) [~aT2 +T,.," +qT*]

=(=q)"" 1.2 (aV5 + PV, -17)-
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Thus, M (n+1,r) = M (nt+1,+1) the result follows by the induction.
Hence, M (n,r) = M (n+1,r) the result follows by the induction.

Hence, the Theorem proved.

Kalman and Mena [10] generalised this result as

Theorem 9. Horadam generalisation, for integers n >r,

n-r Vn+1

v, 7,

ntr+t

OGS )

Melham and Shannon [13] expressed this as in the following theorem.

‘V

=q""TT,, (a7 + pVV,-V7)

Theorem 10. Horadam generalisation

nr+s Vn+s

4

n+r n

LY _(p o) (p -
]-}71 1 0 17] 59

Theorem 11. (D’Ocagme’ s Identity for V) For all integers n and m Horadam generalisation

=(=q)'T.T,(qV; + pVV, =7

wo v

14

n+l

=(0"q"T, (¢ +pVV,-V;)

14

m+l

) (e

Theorem 12. (Generalisation D’Ocagme’ s Identity for V). For all integers n and m, Horadam
generalisation

v

m n

|4 |4

m+r n+r

T\ (p ¢\’ (p) .
= ,j=r,m—n.
r,)7\1 o) L

Theorem 13. For all integers n,

=(C0"q'T, T (qV + pViV, V7))

m-n

=

v, v, I p q) (p) .
"=T*(gV? Vv, -V? = , ] =n.

y, v~ (T,J (1 0) (J] !

Theorem 14. For all integers m, n, r, s, t, u, and w
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m+r VvﬂH’ll V’UH‘V V:VHLW
VH+Y‘ Vll+u VH+V VH+W = 0
VS+I' VS+” VS+V V:+W
Vio Vi Viw W

t+r +v

Theorem 15. For V and V_, involving ¥ and V _ for two distinct integers s and ¢.
V. ) 1 e A A
Vi) Vel VYV V)V Vi Vs

Theorem 16. (The Ultimate Identity) The fundamental identity connecting V and V|

vy,

n+l

+qV V.7 =(=q) (aV2+ PV, V7))
D’Ocagme’ s Identity Identity Simson’s.

Theorem 17. (Equivalent to Simson’s Theorem)

For V,(p,q,a,b)= pV, +qV,, ,n=3, V;=a, V,=b, with any coefficients p and ¢. The Ultimate
identity connecting ¥ and V', is

n+m m

KV, +()"" gV =, =—q"T, (qV] + pV¥, - V7).

where

Tm p q m-2 p
K, =pK,. +4K,,n20,K, =2k, = pand [T J:(l Oj (1 ’

o
and m is a constant.

Theorem 18. (Equivalent to Simson’s Theorem) For any generalised second-order linear recurrence
relation, V,(p,q,a,b)= pV, ,+qV, , ,n>3, V;=a, V,=b, with any coefficients p and g. The
Ultimate identity connecting V and V _ is

KT+ g =T

n-m’ m n—m

T n-m-2
K,.,=pK,. +¢K, n20,K =2K =p ("""j=[p qj (p]

(a7 +pVV,-17)

T 1 0 1

n—m-1

where m is a constant.

Theorem 19. (The General Recurrence) For any generalised second-order linear recurrence,

V,(p.q.a.b)= pV, +qV,, ,n23, V;=a, V,=b, for any coefficients p and ¢,

(2 =V Vs + 2 [ (Vo =VVoi Woasa = VoVl 4V, 0

n+l n’ n+2 n+s n+2" n+l )" nt+d n+l" n+3 n+3 n+2:|

VPR AVRVR W Y VR AV AR

n+4 n+d” n+2 n+d” n+2"” n+3 n+3 n+d” n+3" n+l

v

n+5

|4

e [ A Y A N
Vn+22 72Vn+1Vu+2Vn+3 + VnVn+32 -V
V V 2 — U n+a

n'n+2 " Vnal

We call this the “universal recurrence” since it is satisfied by any generalised second-order linear
recurrence with any coefficients p and g.
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Conclusions

This study augments the continuing mathematical investigations of the generalised second-order
linear recurrence relations. Generalised Fibonacci-like sequences are described in two distinct
ways, originating new possibilities for further research into identities and applications. The study
of Fibonacci numbers, originally introduced to Western European mathematics by Leonardo Pisano
Bogollo, also known as Fibonacci, in his 1202 book Liber Abaci, has evolved into a rich area
of mathematical investigation. The terms of any recognised sequence generated by second-order
recurrence relations can be verified by imposing restrictions on the parameters p, ¢, a, and b. This
work builds upon the introductory contributions of researchers given in the references, who explored
various aspects of these sequences. Explicitly, this study introduces and analyses a generalised
Fibonacci sequence, deriving its generating function, Binet’s formula, and Simson’s addition
and subtraction formulas, as well as other formulas and identities, including those of Catalan and
D’Ocagne. The derived formulas are applicable to several well-known sequences as special cases,
including the classical Fibonacci, Lucas, k-Fibonacci, Pell, modified Pell, and Jacobsthal sequences,
thus demonstrating the unifying power of the generalised approach. Various new results are obtained
and studied within this generalised framework.
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