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This study examines the influence of dynamic viscosity on the steady 
thin-film flow of water-based nanofluids graphene oxide-ethylene glycol 
and graphene oxide-water over a stretching surface under the effects of a 
magnetic field, variable thermal conductivity, and convective boundary 
condition. The partial differential equations are transformed into 
nonlinear third order ordinary differential equations using a similarity 
transformation. The nonlinear equations are solved analytically using 
the optimal homotopy analysis method. Key velocity and temperature 
profile parameters are analysed through graphical representations and 
discussions. The convergence of the solution is validated using the 
BVPh 2.0 package up to 25 iterations. Additionally, a table summarising 
the skin friction coefficient and Nusselt number is provided. 

Keywords:
Water based GO-EG nanofluid;
water based GO-W nanofluid;
OHAM;
MHD;
steady stretching surface.

2020 Mathematics Subject Classification: 65M25, 76W05                                                                                         ©UMT Press

Introduction 

Thin-film flow analysis has many uses and applications in engineering, technology, and industrial 
domains. Thin-film flow exertion has been observed in several settings, from specific processes in 
human lungs to disruptions in industrial lubricants, yielding a number of outcomes. One of the key 
areas of thin-fluid flow research is its practical application, which integrates structural mechanics, 
rheology, and fluid mechanics. Notable applications include its use as a fudge primer, link cable, 
metal extrusion, exchanges, chemical treatment equipment, drawing of elastic sheets, streaking of 
objects, steady moulding, and fluidisation of devices. Given these applications, the analysis of fluid 
films over stretching surfaces is a crucial area of study. Initially, fluid film flows were examined for 
viscous fluids, and the focus has since expanded to include non-Newtonian liquids.

Sandeep et al. [1] analysed thin-film fluid flow using non-Newtonian nanofluid heat transfer. 
Wang et al. [2] illustrated the stretching of an unstable surface by a thin film of fluid. Usha et al. 
[3] examined the formation of thin fluids on an unstable, extended sheet. Liu et al. [4] discussed 
the flow of films under the application of heat on a stretched surface. Aziz et al. [5] investigated the 
potential for internal heat generation in a thin fluid layer passing over an expanding sheet. Tawade 
et al. [6] employed the Newton-Rapson and Runge-Kutta Fehlberg methods to model a thin-film 
fluid stream with heat transfer in the presence of thermal radiation to organise a nonlinear equation. 
Anderssona et al. [7] discussed heat transfer in a fluid film over an extended sheet. Power laws for 
fluid flow and liquid film on unstable, extending surfaces have been studied for progressively more 
complex scenarios [8-11]. Megahe et al. [12] explored the effect of slip velocity in the presence 
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of heat transfer and viscid scattering on a thin Casson liquid stream over an unstable, extending 
sheet. More recently, Khan et al. [13] and Tahir et al. [14] studied thin-film nanofluids with novel 
modifications. 

Due to their unique properties, nanofluids are utilised in a wide range of applications, including 
energy units, medicinal systems, crossover-controlled engines, microelectronics, and, increasingly, 
in the field of nanotechnology. Previous studies have shown that nanofluids consist of particles 
smaller than 100 nm. Compared with base fluids such as oil or water, nanofluids exhibit reduced fluid 
loss of nanoparticles, which is attributed to their enhanced fundamental physical properties, such as 
heat diffusivity, conductivity, consistency, and convective heat transfer coefficients. A wide range 
of contemporary processes involve the transfer of thermal energy. In recent years, there has been 
continuous progress in the development of high-performance thermal systems aimed at enhancing 
heat exchange. Building on Buongiorno’s concept, researchers have investigated nanofluid flow 
over unstable, expanding sheets [15]. Hayat et al. [16] examined Maxwell nanofluids, while Malik 
et al. [17] studied Erying-Powell nanofluids in magnetohydrodynamic (MHD) mixed convective 
flows. Nadeem et al. [18] analysed the movement of Maxwell fluids along a vertically stretching 
surface in the presence of nanoparticles. Raju et al. [19] investigated MHD nano non-Newtonian 
fluid flow over a cone, focusing on heat and mass transfer in free convection. Rokni et al. [20] 
considered heat exchange in nanofluid streams passing through parallel plates. Nadeem et al. [21] 
numerically studied nanofluid flow over an extending sheet. Shehzad et al. [22] explored Jaffrey 
nanofluid MHD flow under convective boundary conditions. 

Sheikholeslami et al. [23] investigated nanofluid flow in the presence of a magnetic field 
during heat transfer. Mahmoodi et al. [24] examined the use of heat-exchanging nanofluid flows 
for cooling purposes. Shah et al. [25-27] studied the effects of heat radiation and lobby current 
with a rotating framework on nanofluid streams. Sheikholeslami’s recent theoretical work on 
nanofluids, involves the examination of various phenomena, applications, assets, and properties 
through diverse approaches [28-32]. Rehman et al. [18] explored Marangoni convection in a water-
based carbon nanotube nanofluid over a stretched cylinder. Rehman et al. [33] also investigated the 
viscous dissipation of thin-layer unstable nanofluid flows over a stretching sheet. Balandin et al. 
[34] examined the use of single-layer graphene as a solvent to enhance the thermal efficiency of 
base fluids. Wei et al. [35] demonstrated how graphene oxide’s steady diffusion in ethylene glycol 
improves heat transfer. Gul et al. [36] analysed the steady dispersion of graphene nanoparticles and 
graphene oxide-water (GO-W) nanofluids using a spinning disc model. Gul et al. [37] also studied 
Marangoni convection in nanofluids containing graphene oxide, both in ethylene glycol and water. 
Other studies [40-50] have explored various geometers and nanofluids, focusing on the impact of 
different parameters on velocity and temperature profiles. 

This study examines the impact of dynamic viscosity on the steady thin-film flow of water-
based nanofluids graphene oxide-ethylene glycol (GO-EG) and GO-W under a convective boundary 
condition, a magnetic field, and varying thermal conductivity over a stretching surface. The nonlinear 
problem is analytically addressed using the optimal homotopy analysis method (OHAM). Key 
findings for temperature and velocity profile parameters are presented through plots and discussed. 
Convergence is achieved within 25 iterations using the BVPh 2.0 tool. Additionally, the Nusselt 
number and skin friction coefficient are tabulated. 
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Mathematical Formulation

Figure 1: The geometry of the problem

This study examines the time-independent thin-film flow of nanofluids based on GO-W and 
GO-EG over a stretched surface. The surface exhibits a constant, adjustable velocity  in the 
𝓍 direction, where b and 𝜂 are positive constants. According to Faraday’s law, the flow pattern is 
influenced by a uniform magnetic field applied in the upward direction perpendicular to the surface. 

The magnetic field parameter M is defined as . The surface temperature distribution 

 varies with the distance 𝓍 from the slit. The boundary layer 
equations for continuity, momentum, and heat transfer are derived and expressed as follows [39]:

		  							                (1)

										                   (2)

	          (3)

where 𝑢 and � represent the velocity components along the �-axis and 𝑦-axis, respectively. The 
density of the water-based nanofluid is denoted by ρ𝑛𝑓, while � refers to the dynamic viscosity. The 
volume fraction of the nanofluid is indicated by C, and U∞ represents the velocity of the fluid. The 
electrical conductivity is denoted by σ𝑛𝑓, while τ  represents the thermal effect of the heat capacity 
of nanoparticles and the base liquid. Additionally, T refers to the temperature of the fluid near the 
wall, and T∞ denotes the temperature of the fluid at the boundary.

The Brownian motion parameter is denoted by Nb and is defined as Nb = . The 
thermophoresis parameter is represented by . The Prandtl number is defined as 

.  The modified Eckert number is given as . The ratio of the velocity of fluid 
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at distance to the velocity near the wall is denoted by . The bioconvection Peclet number is 

represented as . The similarity transformation is given by:     

                                         

(4)

The stream function 𝜓 is defined as: 

                                             	 	 (5)

Ordinary differential equations must be derived to transform the partial differential equations. 
By applying the similarity transformation from Equation (4) to Equations (2) and (3), the following 
nonlinear ordinary differential equations are obtained: 

                                    (6)       

                         
					   

(7)

with the boundary condition  

			   		      (8)

The skin friction coefficient and the Nusselt number are defined as: 

				                                                          (9)                               

Method of Solution

Equations (6) and (7) are solved analytically using OHAM, which is expressed as:

                                                   (10)  

where L is the linear operator, � is the independent variable, 𝑔(�) is the unknown function, 𝑁 is 
the nonlinear operator, and 𝐵(𝑢) is the boundary operator. By applying this method, a family of 
equations is derived:

              (11)
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where 𝑝 is the embedding parameter, which lies in the interval [0,1], 𝐻(𝑝) is a nonzero auxiliary 
function for 𝑝 ≠ 0, 𝐻(0) = 0, and ϕ (𝑥,𝑝) is an unknown function. Using the initial guessed values 
and auxiliary linear operators, as given in Equations (8) and (9), the following expressions are 
obtained:                                                       

				      			          (12)

				    				           (13)

with the constant properties given by:                                                       

		   		         (14)

where C�  (𝑖=1,…,6) are arbitrary constants included in the general solution.

Equations (7) and (8) represent the average squared residual error, and they can be expressed as:                                                                                         

				             		         (15)

                                                                         

			   				  
										                 (16)

					     				           (17)

Results and Discussion

This section examines the effects of various parameters, which are the magnetic parameter 𝑀, 
Brownian motion parameter 𝑁𝑏, thermophoresis parameter 𝑁𝑡, dynamic viscosity 𝛼, Prandtl number 
𝑃𝑟, and Eckert number 𝐸𝑐, on the distribution of velocity and temperature. The numerical results 
in Tables 1 and 2 illustrate the influence of these model parameters on the skin friction coefficient 
and Nusselt number for both GO-EG and GO-W. Table 1 shows the impact of various parameters 
on the local skin friction coefficient, indicating that the skin friction coefficient decreases for both 
GO-EG and GO-W as the squeezed flow index and magnetic field increase. Table 2 demonstrates 
that as the Prandtl and Weissenberg numbers increase, the Nusselt number coefficient decreases for 
both GO-EG and GO-W. 

Table 1: Comparison of the skin friction coefficients of the two nanofluids when 

𝑁𝑏 𝑀
𝐺𝑂–𝐸𝐺 

𝑪*𝒇𝒙

𝐺𝑂–𝑊 
𝑪*𝒇𝒙

0.7 0.5 0.339705 0.29471
0.8 0.32164 0.279547
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0.9 0.31147 0.27264
0.6 0.3100877 0.26994
0.7 0.30608 0.23724

0.298432 0.2246
0.25818 0.21641

Table 2: Comparison of the Nusselt number ( ) for the two nanofluids when

𝑁� = 1, 𝑀 = 10, 𝐸𝑐 =  5, 𝛼 = 0.9 

Pr 𝑁𝑡
𝐺𝑂–𝐸𝐺 
𝑵𝒖*𝒙

𝐺𝑂–𝑊 
𝑵𝒖*𝒙

5 0.3 0.41231 0.39077
7 0.39341 0.38237
9 0.37451 0.37397

0.5 0.35614 0.35647
0.7 0.33776 0.34897

0.32795 0.33121
0.31021 0.31346

The convergence for both GO-EG and GO-W nanofluids has been achieved up to the 25th 
iteration, as shown in Tables 3 and 4. They demonstrate how decreasing the order of residual error 
and achieving strong convergence can be accomplished by increasing the number of iterations. 
Figure 2 illustrates the effect of the magnetic parameter on the velocity profile. The relationship 
between velocity and dynamic viscosity is inversely proportional to the magnetic parameter. As 
the magnetic field increases, resistance forces are generated, partially hindering the fluid’s motion, 
resulting in a decrease in the velocity profile.

Table 3: The convergence of the method for GO-W nanofluid when
Pr = 9, M = 10, 𝑁� = 0.5, 𝛼 = 0.1, 𝐸𝑐 =  3

𝑚

5 7.55438 x 10-1 3.86775 x 10-1

10 4.69094 x 10-3 6.48738 x 10-2

15 3.209443 x 10-7 5.07298 x 10-4

20 5.37298 x 10-9 1.54131 x 10-5

25 9.33787 x 10-11 9.94423 x 10-6

Table 4: The convergence of the method for GO-EG when
Pr = 5, M = 7, 𝑁� = 0.3, 𝑁� = 0.9, 𝛼 = 0.5, 𝐸𝑐 = 8

𝑚

5 1.18991 x 10-1 7.88574 x 10-1

10 5.47666 x 10-2 5.0759 x 10-3

15 4.53983 x 10-3 3.0759 x 10-5
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20 7.4616 x 10-4 6.55721 x 10-7

25 7.19521 x 10-5 8.226632 x 10-9

Figure 2: The effect of the magnetic field on the velocity profile

Figure 3 shows the effect of dynamic viscosity on the velocity profile. The relationship between 
velocity and dynamic viscosity is inverse. As dynamic viscosity increases, the velocity decreases 
due to the increased dynamic viscosity, making the fluid more viscous and reducing particle 
movement. Figure 4 illustrates the effect of nanoparticles volume friction on the nanofluid velocity 
field. The relationship between velocity and nanoparticle volume friction is also inversely. As the 
nanoparticles volume friction increases, the velocity profile decreases.

Figure 3: Effect of dynamic viscosity on velocity profile
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Figure 4: Effect of nanoparticle volume friction on the velocity profile

Figure 5 shows the effect of the Eckert number on the nanofluid temperature field. The 
relationship between the temperature field and Eckert number is direct, with the temperature profile 
increasing as the Eckert number rises. Figure 6 illustrates the impact of the Prandtl number on the 
temperature field 𝜃(𝜂). The relationship between the temperature field and Prandtl number 𝛲𝑟 is 
inverse; as the Prandtl number increases, the temperature profile decreases, as shown in Figure 
7. Figure 8 demonstrates the effect of the thermophoresis parameter on the temperature profile. 
The relationship between the thermophoresis parameter and temperature is direct; increasing the 
thermophoresis parameter leads to an increase in the temperature profile. 

Figure 5: The effect of the Eckert number on the temperature profile
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Figure 6: The effect of the Prandtl number on the temperature profile

Figure 7: The effect of the thermophoresis parameter on the temperature profile

Conclusions

This study investigates the effect of dynamic viscosity on the steady thin-film flow of water-based 
nanofluids GO-EG and GO-W in the presence of a magnetic field, varying thermal conductivity, 
and a convective boundary condition over a stretching surface. Using the similarity transformation, 
nonlinear third-order ordinary differential equations were derived from the partial differential 
equations. The nonlinear problem was solved analytically using OHAM. The effects of key 
parameters on the velocity and temperature profiles were plotted and discussed. Convergence is 
achieved up to 25 iterations using the BVPh 2.0 package. Tables are provided to present the Nusselt 
number and skin friction coefficients. The results are as follows: 
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•	 Increasing magnetic field decreases the velocity field;  
•	 Increasing dynamic viscosity reduces the velocity profile;      
•	 Increasing the Prandtl number decreases the temperature profile;
•	 Increasing the Eckert number increases the temperature field;
•	 Increasing the thermophoresis parameter, increases the velocity profile; and,      
•	 Increasing the nanoparticle volume friction decreases the velocity profile. 

     
Nomenclature

Surface constant  𝑈�
Velocity of fluid  𝑈�
Density of the nanofluids   𝜌��
Electrical conductivity   𝜎��
Dynamic viscosity  𝛼
Temperature of fluid near the wall  𝑇
Temperature distribution 𝑇�
Temperature of fluid near boundary  𝑇�

Magnetic field    𝑀

Nusselt number   

Prandtl number      𝑃�
Bio convection Peclet number  𝑝�
Volume fraction of nanofluid   𝐶
Effect of heat capability of nanoparticles and base liquid   �
Brownian motion parameter  𝑁�
Thermophoresis parameter/Weissenberg number    𝑁�
Eckert number   𝐸𝑐

Skin friction      

Velocity components     (𝑢,𝑣)
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