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This study examines a model operator H corresponding to a system
of two identical fermions and another particle of a different nature.
The operator acts on the direct sum of zero-, one-, and two-particle
subspaces of the fermionic Fock space F,(L*(T%)) over L?(T¢), where
d = 3. The essential spectrum of this operator is shown to consist of
the union of at most four segments on the real axis. A formula for the
corresponding resolvent operator is also explicitly derived.
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Introduction

Understanding the spectral properties of operators corresponding to systems of two, three or many
particles has been of great importance in statistical physics [1, 2], solid-state physics [3, 4], and
quantum field theory [5, 6]. For the important class of multi-particle systems, where the number of
particles is not conserved, Sigal ef al. [7] determined the location of the spectrum and proved the
absence of singular continuous spectrum for Hamiltonians, employing geometric and commutator
techniques. Additionally, accumulation points of the discrete spectrum were identified.

Conventionally, systems of particles interacting via pair potentials in a Fock space, where the
number of particles is not conserved, can be reduced to several simpler subsystems. For example,
instead of studying self-adjoint operators in the Fock space H (™), one might consider the subspaces
£ (") corresponding to » < n particles [1, 4-8]. Albeverio et al. [9, 10] studied model operators
corresponding to two-boson systems and another particle of a different nature, thoroughly describing
the essential spectrum. These model operators were described by so-called truncated operators,
which correspond to subsystems of 0, 1 and 2 particles of the considered Fock space.

In this article, the essential spectrum of the model operator in the fermionic Fock space
J'—"a(L2 (’Jl‘d)) over L?(T%) is studied. The essential spectrum, which coincides with the spectrum of the
Friedreich model h(p), where p € T4, is explicitly determined under certain smoothness conditions.
It is shown that the essential spectrum of the operator Hl consists of a union of closed intervals on
the real axis (Theorem 5.1). Furthermore, the explicit form of the corresponding resolvent operator
is derived (Theorem 5.2).
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The article is organised as follows: Section 1 is the introduction. Section 2 introduces the
notations and describes the model operator. In Section 3, the channel operator and the Friedrichs
models H(p), where p € T¢, are defined, and their properties are discussed. Section 4 offers a brief
review of the Faddeev-type integral equation for the operator Hl. The main results and their proofs
are presented in Section 5.

The Model Operator

The following notations are adopted: T¢ = (—m, r]¢ is the -dimensional torus, an abelian group R4
modulo (2rZ)%. L4,((T%)?) denotes the subspace of antisymmetric functions of the Hilbert space
L?((T%)?). The following sets are defined:

}[0 = (C, ‘7{1 = Lz(Td), and }[2 = L%S((Td)z)

Let I/ and (;) j, where j = 0,1,2, denote the identity operator and an inner product in J;,
respectively. The direct sum of subspaces corresponding to 0, 1, and 2 particles in the Fock space
F,(L?(T%)) of fermions over L2(T%) is defined as:

HO =H, @ H, DH,
For g € L?(T%), the operators g: L?(T%) —» Cand g*: C = L?(T?) are defined as:
9(f) ={f, 90 f € X(TY,
g'(©)=c()g, ceC
and the operators Ly, Ly,: L?((T%)?) - L*(T%) and L}, L;;: L*(T%) - L*((T%)?) are defined as:
Ly=1®g Lgz=9®I,
Ly=1L®g, Lgyz=9 QL.

Fori,j = 0,1,2, let H;j, where i <j (resp. i > j ) denote the annihilation (resp. creation) operator
[5] in a Fock space. Annihilation operators reduce the number of particles by one in any state, while
creation operators increase the number by one. For simplicity, it is assumed that the number of
annihilation and creation operators is equal to one, i.e., H;; = 0 for all [{ — j| > 1. The following
operators are defined:

Hoy = a,Hyo = @, Hyy = H + W,
1 * * * *
Hy; = Ly, Hyy = E(Lb — Lgp), Hyp = HZOZ - L(thp - LS(ﬂLS(ﬂ'
with Hoo, HY1 , and HY, being multiplication operators by the functions Uo, u(+), and E (-,-) in H,, H;
, and J{,, respectively. The integral operator W:H; — 3 of a kernel w(+,+) is expressed as:
W @) = [awip,Of ()dt

Here, u, is a constant number and a(-), b(-), u(-), ¢(-) are real functions continuous on T E(,)
is a real symmetric function continuous on (T%)2, and w(:,) € L*((T%)?) is a function that satisfies
the self-adjointness property, i..e., w(p, q) = w(q,p), p,q € T%

With these definitions, the truncated operator 7T is described by the matrix operator H in the space

as:
Hoo H01 0
H= H10 H11 H12

0 Hyy Hyy 2.1
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This operator is a bounded, self-adjoint operator.

The Channel Operator and the Friedrichs Model

Next, a self-adjoint operator Hey, is considered, which acts in 7 = L?(T%) @ L?((T%)?) as a

matrix operator: 1

Hyq —L,
V2
HCh =

- 1 * 0 *

This operator is called a channel operator associated with H [11]. Since H,p, is of a simpler
form than HI, analysing its spectrum becomes considerably more straightforward. The relationship
between the spectra of the channel operators and the operator H will be established later.

Let U, be a multiplication operator by the function a(-), defined as:
f1(p) ) ( a®)f(p) ) 2(md

U ( = , € L“(T%).

“\fe.o) = \e@hep) “EFTD

It follows that / , commutes with U , i.e., H U = U_H . This, along with the decomposition
= f era H @dp, Where HP = H, EB Hy, 1mphes that the operator H , can also be written as an
1ntegral decomposition [12, Theorem XII1.84]:

Hen = [;a® H(p)dp, (3.1
Here, H(p), p € T4 being a Friedrichs model, is a bounded and self-adjoint operator defined
in the space 7 @ as:
H(p) = Ho(p) +V

where Hy(p) and V are operators acting as

0 0 u(p) %b
Ho(p) = <0 ho(p)) and V = %b* _(p*(p

respectively, where H(p), p € T4, is a multiplication operator by the function e,(-): = E(p,"), i.e.,

(ho @)@ = ep(Dfi(q), f1 €H,y

Friedrichs models of this form were studied in [9, 10].

Due to the spectral properties of a decomposable operator [12, Theorem XIII.85], Equation (3.1)
yields the following.

Theorem 3.1. For the spectrum of the operator , the following relation holds:
U(Hch) zupe'ﬂ‘d {Ud (H (P))} Y [Emin' Emax]

where is the discrete spectrum of , and:
Emin: mlnE(p>q)a Em:max

p.qeT p,qua

3.1 Subsection. The spectral properties of the Friedrichs model H(p), p € T4,
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As V is an operator of finite rank, the essential spectrum of coincides with the spectrum of H,(p)
e

Tess(H(P)) = Tess(ho(P)) = [m(P), M(P)], p € T9,
where

m(p)= m;n ,(q), M(p)= maxe, (@)

qu

Next, for any p € T%, the Fredholm determinant A(p,-) of the operator H(p) is defined as an
analytic function in C\[m(p), M (p)], given by:

A3 2) = (I — 9700, 2)9") (Hoo(p) — zlg — 5 bro(p, 2)b")fo — 5 (b (0. 20V fo,  (3.2)

where f, = 1. Using this equality and the forms of the included operators, the following expression
is derived:

LN @2(s)ds 1 b2(s)ds b(s)p(s)dsy o
80:2) = (1= a2 u(p) — 2~ 2 fra o080 — L (], 200y

where 79(p; 2), z € C\[m(p), M(p)], is the resolvent of hy(p),p € T<.
Lemma 3.2. For p € T¢, z € C\[m(p), M(p)], is an eigenvalue of the operator H(p) iff A(p, z) = 0.
Proof. Using the definition of the operator H(p) from the equation:

Hp)f =zf, feH®D, (3.3)

the following system of equations is obtained:
{ @®) - 2fo +5bfiy = 0

1 'fz(flfl)e}[(z)!
— 510D )b fo + 103 D" 0fs = fi ’

which is equivalent to:

(Hoo(p) = 2lo =3 o, )bV fy  +bro(p. )" =0
,fo @ € C. (3.4)

~ 591 2)b'fy +(Io = 9o (p, )9 = 0

Moreover, the solutions of Equations (3.3) and (3.4) are connected by the following relations:
fo=fo,a=¢f; and
fi(@) = ro(p; Z)(-%b(q)fo +o(@a).

On the other hand, the determinant of Equation (3.4) is equal to A(p; z). Therefore, the equation
H()f = zf, f € @, has a nontrivial solution if and only if A(p; z).

Let the notations n_(4, z), z < inf 0.,(4) (resp. n,(4,2), z = sup 0. (A)) represent the
number of eigenvalues of H lying below z (resp. above z), counted with multiplicities.
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Lemma 3.3. For any fixed p € T¢, the following hold:
(a) If (-) and are bounded (resp. unbounded), then
(b)yn-(Hp),m@)) <1 (resp. n_(H(p), m(p)) < 2),

ny(H(p), M(p)) < 1.
Proof. We can easily obtain that:

1 S D) AT
Zy, = _u@tyu ;p) [1b]] , 2, <0<z,
1
. . . u®) b
and these are simple eigenvalues of the matrix operator V' = | b 0
vz

According to the definition of the operator V, Img(V) = C @ (b, @), where (b, ¢) is the subspace
spanned by b and €. Using this and the facts that —¢*¢ < 0 and g,5,(V") = {0}, the following are
true for the operator V.

(i) If the functions @ () and b(+) are linearly bounded, then ¥ has two positive eigenvalues
(with multiplicities) and one (simple) negative eigenvalue; and,

(ii) If the functions @ (*) and b(-) are linearly unbounded, then ¥ has only one (simple)
positive and one (simple) negative eigenvalues.

According to the inequalities H(p) = m(p) + V, H(p) < M(p) + V, and the minimax principle,
the numbers n_ (H (p), m(p)) and n+(H (p),M (p)) satisfy the relations:

n-(H(@p), m®)) < n_(m®) +V,m(p)) and n,(H(p), MP)) < n,(M®P) +V,M®)),
respectively.

Using assertions (i) and (ii), as well as the relations n_ (m(p) +7V, m(p)) =n_(V,0) and
ny(M(p) +V,M(p)) = n,(V,0), the proof is completed.

Corollary 3.4. Letp € T4

(a) If @(+) and b(-) are linearly bounded (unbounded), the function 4(p,*) can have no more
than one zero (two zeros) in the interval (—eo, m(p)).

(b) 4(p,’) may have only one zero in the interval (M (p), ).

The Faddeev-type Equation
Denote the spectrum of the channel operator H, as:
2 =0(Hep), then X = [Epin, Emax] Y Grwo
where Oyyo =U,epa 04(H(P)), ie.,
Owo = {z € R\[m(p), M(p)]: A(p; z) = O for some p € T?}
Theorem 4.1 The essential spectrum g, (H) of H coincides with the set 2, i.e.,
Tess (H) = 2.
Proof. The proof can be found in [9].
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4.1 Subsection. Faddeev-type integral equation
For any a, b € L?(T%), the operators
LaR% (D)L, LsqR% (DL LaR% (@) Lsp, LeaRS (2L
are multiplication operators by the corresponding functions in L (T%).
Furthermore, the operator
N 1 « 1 *
D(@) = I — LyRS(D)LpHYy — 21y — 2 LyR% (D)L — 2 L,RY (D)L,
is a multiplication operator by the function A(-;Zz), z € C\[Epin, Emax], where
R, (z) = (HY, — zI;)™Lis the resolvent of HY,.
SetH = Ho @D H, @ H,, where Hy=Ho Hi=Hy, H, = Hy
For any z € C\ 2, define the matrix operators 4(z) and K(z), acting in the space 77‘,, as follows:

Apo(2) 0 0 Koo(z) Ko1(2) 0
A(z) = 0 A11(2) Ag(2) and K(2) =| Kio(2) Ki1(2) Ki2(2) ),
0 Az (2) Ap(2) 0 Ky1(z2) Kip(2)

where 4;;(2): .’IT[] - H;,i,j = 0,1,2, are multiplication operators by functions a; (0, 2), defined
as:
L

1 * *
ago(®,2) =1,a11(p,z) = Hyy — zI4 _ELbRgz(Z)Lb’alz(P‘Z) = ﬁLbRgz(z)L(p'

- 4.1)
1(p,2) = a1z (p,2) = G5 LR (D)L}, 620 (p,2) = Iy — LyRS, ()L
and the operators K;j (2): }_[] - ﬁi, i,j =0,1,2, are defined by:
Koo(2) = (z+ DIy — Hpy, Ko1(2) = —a, Kyo(2) = Kp1(2),
1 * 1 *
Ki1(z) = _ELbRgz(Z)st —W, Ki(2)= ﬁLbRgz(Z)str
K31(2) = K(3(2), Kz(2) = _szRgz(z)sz- 4.2)

Note that for any z € C\ X, the operators K;;(z) are Hilbert-Schmidt operators, and so is K(z) in H.

Lemma 4.2. For any z € C\Z, A(z), is a bounded invertable operator, and its inverse, A~1(2), is
of the form:
Bgo(2) 0 0
A (2) = 0 Bi1(z) Biz(2) |,
0 By1(z) Byz(2)

where B;; (Z)?T[] — H;, i,j = 0,1,2, are multiplication operators by the functions b; i(p,2),
defined as:

— @, @,
boo®@2) =1, bi(p2) ="EL2, byy(p,2) =~ 422

az1(p,z) byy(p,Z) = a11(p,z)

bar(p,2) = ==, A"

Proof. According to the definition, A4(z) is a multiplication operator by the matrix

ago(p, 2) 0 0
A(p,z) = 0 a;1(p,z) ai2(p,2) |
0 a2(p,z) az(p 2)
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As a function of p, A(p, z), is continuous in T¢ and det(A (p,z)) =A(p,z) # 0, p € T for
Z & X Therefore, it follows that 47'(z), the inverse of A(z), is a multiplication operator by the
matrix A™1(p, z) in H .

The following lemma establishes a connection between the eigenvalues of the operators [H and
T(2) = A"Y(2)K(2).

Lemma 4.3. z € C\Z is an eigenvalue of H jff A = 1 is an eigenvalue of T(2).

Proof. The proof of the lemma for z € (—00, Erin) can be found in [10]. For the right side of the
essential spectrum, (Emax » %), it can be done analogously.

Formulation and Proof of the Main Results
The main results of the work are formulated below.

Theorem 5.1 The essential spectrum g,z (H) of the operator H consists of a union of no more than
four closed intervals.

Proof. Let g c o(H) be the largest closed interval containing [E,;;,, Emax ) Which may coincide
with o = [Epin, Emax) Define:

G0 =U eqa {00 (H(P)}\o- (5.1)

If 6, = @, then g, (H) consists of only one closed interval 0.

Assume that g, # @. Then, 0y N ¢ = @, and by the definition of the spectrum, the set g is
closed. According to definiton (5.1), for any p € T4, the operator H(p) has an eigenvalue in g;.

Suppose that [a, b] € g, where lie in the boundary set of o (H). Let G, be the set consisting
of points p € T¢ such that H(p) has an eigenvalue in [a,b]. It will be shown that G, = T%.
Let py € G, Then, by Theorem 3.1 and Lemma 4.2, there exists a number Z, € [a,b] such that
A(po, zo) = 0. However, forany p € T4, [a, b] N [Emin, Emax ), and the function A(p,) is analytic
in some region containing [a,b]. Consequently, either %A(po, Zp) # 0 or ;—ZZZA(pO,ZO) # 0. By the
implicit function theorem, there exist neighbourhoods U(p,) c T¢ and U’ (z,) c [a.,b] of the points
Po and Zo, respectively, and a continuous function z: U(py) = U’(zo) such that A(p,z(p)) =0
for all p € U(py). By Lemma 4.2, the number z(p) € [a,b] is an eigenvalue of H(p) for any
p € U(p,) < G, which implies that G, is an open set.

Next, the closedness of the set G, is proven. Let {p,} € G, be a sequence that converges to
Do € T%nd let {z(pp)} c [a,b] be an eigenvalue of the operator H (py,).Without loss of generality
(or by choosing a subsequence), it can be assumed that:

limz(p,) = 2, €[a,b].
Since the function A(:,") is continuous in T4 X [a,b], it follows that:
0 = hmA(pn’Z(pn)) = A(pO‘)ZO)a

and, therefore, po € G,,, since [a,b] is closed. Hence, the set G, is closed. As G, is both open and
closed, it follows that G,, = T<.

According to Corollary 3.4, the discrete spectrum of H(p), p € T contains no more than three
cigenvalues. Therefore, the number of closed intervals [a,b] C g, does not exceed three. Since
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Opss(H) = 09 U [Epins Emax]» it 1s concluded that the essential spectrum o4, (H) consists of the
union of no more than four segments.

5.1 Subsection. Resolvent operator of H
Finally, the resolvent operator of H is considered in the form:

Roo(z) Ro1(2) Ro2(2)

R(z)=(Rw(2) Ru(2) Ri2(2) |, z€Z,

Ry0(z) R1(2) Ri2(2)
where R;;(2): Hj - H;, i,j = 0,1,2, are its matrix entries.
The rows R;(2): H@ - H;,i = 0,1,2 are given by:

Ri(z) = (Rio(2), Ria (2), Ri2(2)).
Forz € (C\[Eminr Emax], define:
Ro(z) = diag{1, I, R3,(2)}, Ho (2) = diag{l, I, Hp, — 215},

where RY,(z) = (HY, — zI,) 1 is the resolvent of the operator HY,.

Then, the following equation holds:
R(z) = Ro(2) — Ro(2)(H — zI — Hy(2))R(2),

ie.,
Ro(2) (Hoo — zlp — 19)Ro(2) + Ho1 R (2)
R1(2) | = Ro(@)I — | HioRo(2) + (Hyy — zI; —1)R1(2) + H;pRy(2) .
R2(2) R2,(2)H21 Ry (2) — R3,(2)(LpLy + LipLsy)R2(2) (5.2)

Next, define a unitary operator P: L$*((T%)?) - L$*((T%)?) as:
Pf(p,q) =—f(qp)
With this definition, the following relations hold:
LiyLsy = —PLjL, and  Li,Le,Ry(2) = —PLY,L,R,(2).
Using these expressions in
R2(2) = R32(2) — (R22(2)H21R1(2) — R9,(2)(Lyy — LipP)LyR2(2)),

Equation (5.2) simplifies to:

Ro(2)
R1(2) | = Ro(2) — Qo(2) — HiX(2),
R, (2)
where
0 Ro(2)
Qo(2) = <H12R32(Z)>» X(2)=| Ri(2)
0 L¢,IR2(Z)
and
HOO - (Z + 1)10 Ho1 0
H, = Hyq Hy—(@+ DL — leRgz(Z)Hn leRgz(z)(L:p - Lfsfp) .
0 RY,(2)Hy1 —Rgz(z)(pr - L;,:)

Journal of Mathematical Sciences and Informatics, Volume 4 Number 3, December 2024, 20-29



Zahriddin Muminov et al. 28

Denote L = diag{ly, I, Ly} Then, X(z) = (Ro(2), R1(2), Ly R, (2))T can be rewritten as:

X(2) = LRo(2) = LQo(2) -

Hyo — (z+ DI, Hyy 0
Hig Hy; = (z+ DIy — Hy3R3,(2)Hy, HlZR(Z)Z(Z)(L:p — Lyy) X(2),
0 L(pRgZ (Z)H21 _LwR(Z)Z(Z)(L’;p - LZ(p)

According to Equations (5.1) and (5.2), the following relations hold:
Hoo = (z + 1)Ip = —ly — Ago(2) — Boo(2),
Hyy — (z+ DI — Hiz(RY,(2), Hapy = —11 — A11(2) — K11(2),
_leRgz(Z)(Ltp - L§<p) = A12(2) — K12(2)
LyRY,(2)Hy1 = Az1(2) — K21 (2)
LyRY,(2) (L, — Lsy) = =L + Az, (2) — Kz2(2).

Therefore,
(A(2) — K(2)X(2) = L(Ro(2) + Qo (2)). (5.3)
According to Lemma 4.3, if A = 1 is not an eigenvalue of T(z), then Equation (5.3) has a solution:
X(2) = (A(2) = K(2) ' L(Ro(2) + Qo(2))
The last equation and Equation (5.2) yield the following theorem.
Theorem 5.2. Let z € C\0,s5(H). The resolvent of H is of the form:

R(2) = Ro(2) = Qo(2) — Hi(A(2) — K(2)) T'L(Ro(2) + Qo(2)).
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