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Introduction

Topological indices were originally developed for molecular graphs to study their chemical
compounds’ physicochemical, structural and other properties. Topological indices with their
uses in Quantitative Structure-Property Relationship (QSPR) and Quantitative Structure-Activity
Relationship (QSAR) are referred to in [1]. The degree-based structural descriptors have been a
subject of detailed study since their induction from the first degree-based topological index named
the First Zagreb Index in 1972 by I. Gutman, N. Trinajsti¢ [2] while investigating the correlation
value between the total m-electron energy and the structure of a molecule. Gutman et al. [3] developed
their work and established the Second Zagreb index. In parallel, another index was introduced by
Furtula and Gutman, which was, however, left untouched till 2015 [4]. Hence, the Forgotten index
was renamed. Interestingly, it enhanced the physio-chemical applicability of the Zagreb index. This
has improved the importance of more research on various topological indices, thereby reducing the
number of experiments to be conducted, which is time-consuming and expensive. To understand
some basic properties of First and Second Zagreb indices, one may read [5, 6]. Exact expressions
for the Zagreb indices of some graph operations are presented in [7, 8, 9, 10].

Let G be a graph with vertex set J and edge set E. For an arbitrary vertex u in G, dg (u)
denotes the degree of the vertex u. The First Zagreb index, M, (G) of graph G is the sum of
squares of degrees of each vertex. It is also defined as the sum of the degrees of the end vertices
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of every edge of G. The Second Zagreb index, M, (G) of graph G, is defined as the sum of the
product of the degrees of the end vertices of every edge of G. The Forgotten index, F (G) of graph
G, is the sum of the cubes of degrees of each vertex.

M@ = ) de? = ) dow) + do(v)

uev UveEE
M) = ) do()dg()
UVEE
F(O) = ) dew?
uev

Simple, connected, undirected graphs will be considered throughout the paper. Graphs whose
indices are formulated are defined below.

Definition 1.1. [11] Let G be a graph with vertex set V = {vl, Uy, ey vp} and edge set E. Consider
aset V' ={v{,v}, .., v} of p isolated vertices. Make v{ adjacent to all the vertices in the open
neighbourhood of v;, for eachi = 1,2, ...,p. The graph thus obtained is called the splitting graph
of G, denoted by splt(G).

Definition 1.2. Let G be a graph with vertex setV = {vl, Uy, e, vp} Let splt(G) be the splitting graph
of G. Take two copies of splt(G) and let each v; € V of one copy be adjacent to the corresponding
vertex in the other copy. The resulting graph is called the second splitting product of G, denoted as
splt@(6)-

Definition 1.3. [12] The splitting V-vertex join graph, G V H is obtained from splt(G) and H by

joining every vertex of H with every vertex of V.

Definition 1.4. [12] The splitting S-vertex join graph, G A H is obtained from splt(G) and H by
joining every vertex of H with every vertex of V'

Definition 1.5. [13] The splitting corona, G B H of G and H is obtained from splt(G) and p copies
of H by joining every vertex of the i*" copy of H to the i*" vertex of V', fori = 1,2, ...,p.

Definition 1.6. [13] The splitting adds vertex corona, G H H of G and H is obtained from splt(G)
and p copies of H by joining every vertex of the i copy of H to the i*" vertex of V', for i = 1,2, ..., p.

Definition 1.7. [13] The splitting neighbourhood corona, G B H of G and H is obtained from
splt(G) and p copies of H by joining every vertex of the i*" copy of H to the vertices adjacent to the
i*" vertex of V', fori = 1,2, ..., p.

To avoid confusion in the proof of theorems in the subsequent sections, we shall denote the
vertex of graph F obtained from the above definitions as V' (F) and the degree of a vertex u of F as

dp ().

Main Results
First Zagreb Index

The First Zagreb indices of the graphs defined above are calculated. Let the vertex set of G be V' =
{171, V) ey Up}. Let the additional vertex set in the sp/t(G) be V' = {171’, V) ) 17,',}. The splt(G) has
vertex set V U V', Let the vertex set of H be U = {u1, Uz, ey Ug .
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Theorem 2.1. For a connected graph G,

M, (splt(6)) = 5M,(G).
Proof. Let the vertex set of G be V' = {171. Vg, e,y vp}_ Let the additional vertex set in the splt(G)
be V' = {V{,Ué, ---,Uz',}. From Definition 1.1, the degree of v; in splt(G) is twice its degree

in G and the degree of v; in spl(G) is the degree of v; in G, i.e. dgpy)(v;) = 2dg(v;) and
dsplt(G) (v{ ) =dg (vi)-

o M, (splt(G)) dspie(cy(W)?

u€ev(splt(G))

= Z dspieey (V)2 + Z dspiec)(V))?

viEV viev’

= Z(sz ) )?* + Z dg(v)?
=5 ch(vi)z

= 5M1 (G). |
Theorem 2.2. For a connected graph G with p vertices and e edges,
My (splt@(6)) = 10M, () + 2p + 16eg.

Proof. From Definition 1.2, vertex v; of one copy of splt(G) is joined to its corresponding vertex in
the other copy of splt(G). The degree of v; in splt®(G) is one more than twice its degree in G. The
degree of V] in splt®(G) is the degree of v; in G.

o~ M1 (Splt(z)(G)) =2 z dsplt(z)(G) (u)z

uEV(splt(z)(G))

2| D @dew) + 12+ Y dow?

viEV viev’
= 10 Z dg (V)% +2 Z 1+8 Z dg(v).
VeV viEV viEV

Using the fundamental theorem of graph theory that states Xp,ev d (V;) = 2€6 and Ly,ev dg (v)? =
M, (G), the result follows.

Theorem 2.3. Let G and H be two connected graphs. Let G consist of p vertices and eg edges. Let
H consist of q vertices and ey edges.

Ml(G yH) =5M,(G) + M;(H) + pq(p + q) + 4pey + 8qeg.

Proof. The splt(G) has vertex set V U V'where V = {v;,v,, ..., v, } is the vertex set of G and V' =
{v{,vé, ...,v,',} is the additional vertex set. Let the vertex set of H be U = {ul, Uy, ...,uq}. From
Definition 1.3, the degree of v; in G V H is the sum of twice its degree in G and ¢. The degree of v;
in G V H is the degree of v; in G. The degree of u;in G V H is p more than its degree in H.
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Ml(G MH) = deH(u)z
u€eV(GVH)
2
= > @ds) + 9 + Y de@*+ ) (du(w) +)
viEV viev’ u;€U
=4 A+ a7 ) 1449 ) dew)+ ) dg)?
ViEV ViEV ViEV ViEV
+ Z dH(uj)2 + p? Z 1+2p Z d ().
ujet ViEV ujet

2
Using the fundamental theorem of graph theory, Xv,ev dg (v;)* = M;(G) and ZquU dy (uj) =
M, (H), the result follows.

Theorem 2.4. Let G and H be two connected graphs. Let G consist of p vertices and eg edges. Let
H consist of q vertices and ey edges.

My (G AH) =5M,(G) + My(H) + pq(p + q) + 4pey + 4qe;
=M,(GV H) - 4qe.

Proof. The proof is similar to that of Theorem 2.3. The degree of v; in G A H is twice its degree in
G. The degree of Vj in G A H is the sum of v; in G and ¢. The degree of ujin G A H is p more than
its degree in H. The result thus follows.

Theorem 2.5. Let G and H be two connected graphs. Let G consist of p vertices and € edges. Let
H consist of q vertices and ey edges.

M;(G B H) =5M,(G) + pM,(H) + pq? + 4pey + 8qe;.

Proof. Let the vertex set of G be V = {v;,v,, ...,vp}. The splt(G) has vertex set V U V', where
V' = {v{, Vg, e, vz’,} is the additional set of isolated vertices in splt(G). Let the vertex set of H be
U= {ul, Uy, .r, uq}. From Definition 1.5, the degree of v; in G H H is the sum of twice its degree in
G and q. The degree of v; in G ] H is the degree of v; in G. The degree of U; in G H H is one more
than its degree in H. Note that there are p copiesof HinG H H.

~M;(GHH)

dGEIH(u)Z
ueV(GEHH)

Y Qe+ @+ Y de@)? +p Y. (du() + 1)’

ViEV U{EV’ uj;ev

=4) dg)+q? ) 1+4q ) de(w)+ ) dg(w)?

ViEV ViEV ViEV ViEV

9 ) d(w) +p ) 1429 ) dy(w).

ujeu V;EV ujeu
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The result thus follows.

Theorem 2.6. Let G and H be two connected graphs. Let G consist of p vertices and € edges. Let
H consist of q vertices and ey edges.

M, (G H H) = 5M,(G) + pM,(H) + pq? + 4pey + 4qe;
= M,(GHH) — 4qe;.

Proof. The proof is similar to that of Theorem 2.5. The degree of v;in ¢ F H is twice its degree in
G. The degree of v{ in G F{ H is the sum of v; in G and ¢. The degree of u; in G B H is one more
than its degree in H. Note that there are p copies of H in G B H. The result thus follows.

Theorem 2.7. Let G and H be two connected graphs. Let G consist of p vertices and € edges. Let
H consist of q vertices and ey edges.
M,(G X H) = (q*> + 59 + 5)M(G) + pM,(H) + 8egey.
= M,(G HH) —4qeg.

Proof. From Definition 1.7, the degree of v; in G X] H is the sum of twice its degree in G and ¢ times
its degree in G. The degree of v; in G X H is the degree of v; in G. Let U; = {uij |j =12, ...,q}
denote the vertex set of the i copy of H. The degree of u; jin G X H is the sum of its degree in H
and the degree of u; in G.

The sum of squares of the degrees of vertices in the i copy of H is given by

Z (d(uj) + d(vi))2

uijiEUi
2
= Z d(u]) + Z d(vi)z + Z d(uj)d(vl)
uj;ev uj;eu ujet

= M;(H) + qd(v;)? + 4d(v))ey.

Hence, the sum of squares of the degrees of vertices in all the p copies of H is given by pM; (H) +
qM,(G) + Begey

~M(GXH) = dGIZH(u)Z
u€evV(GXH)
2
= @dw) +gd@)) + Y dw)?+ Y. Y (d(w) +dw)
Vi€V viev’ i uijev;

The result thus follows.

Second Zagreb Index
The second Zagreb indices of the graphs defined above are calculated.
Theorem 2.8. Let G be a connected graph with p vertices.

M, (splt(6)) = 8M,(G).

Proof. Let the vertex set of graph G with p vertices be V = {vl, (23 vp}. Let the set of additional
vertices in splt(G) be V' = {v{,vé, ...,v,’,}. The splt(G) has vertex set V U V'. The edge set of
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splt(G) may be written as E U E' where E = {v;vj| v;, v; € V}and E' = {vivj’l v €EV,v EIn,V’
fori,j=1,2,..,pandi # j}. In splt(G), for every edge v1v; € E there exist edges v;vj, vjv; €
E'. By Definition 1.1, splt(G) has 3e edges.

Case I: For every v;v; € E,

dsplt(G)(vi) = 2dg(vy).

Hence,

Z dspite) Widdspit (o) (VJ’)

Viv€EE

Z ZdG (Ui)ZdG (Uj)

ViVjEE

4M, (G).

Case 2: For every v;v; € E’,

dsplt(G)(vi) = 2d;(vy), dsplt(G)(Uj’) = 2dg (Vj)-
Hence,

dsplt(G) (vi)dsplt(G) (17]’) + dsplt(G)(vj)dsplt(G) (v{)

2 er!
,vjvieE

Z ng(vi)dg (Uj) + ZdG (vj)dG (VL')

ViV;€EE

= 4M,(G).

!

viv;

Combining both cases, M, (splt(G)) = 8M,(G).

Theorem 2.9. Let G be a connected graph with vertices and e edges.
M, (splt@(6)) = 16M,(G) + 10M; (G) + 10e + .

Proof. By Definition 1.2, splt?(G) has 6e + p edges. Let the vertices of one copy of splt(G)
be named as vy, Vs, ..., Vp, V1, Vy, ..., Vp and the vertices of the second copy be named as
Uy, Uy, ..., Up, UL, Ub, .., Up. The edge set of splt®(G) may be written as E U E’ U E” where
E = {vivj,uiuj},

E' = {viv},uiu]’-} fori,j =1,2,..,pandi # j,

E" = {viui}.
In the splt@(G), for every edge v;v; € E there exist edges v1vj, v;v; € E” and for every edge
w;u; € E there exist edges u;u, uju; € E'.
Case I: For every v;v;, wu; € E,

dopie@ ey Wi) = 2d @) (Vi) = 2dg(vy) + 1.
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Hence,

2 dsplt(z)(G)(vi)dsplt(z)(G)(vj)+ Z dsplt(z)(G)(ui)dsplt(z)(G)(uj)

ViV;€EE Uiuj€E
=2 ) @dg) + D(2dg(v;) +1)
ViVEE
=24 Z de(w)ds (v;) + 2 Z de () + dg(v)) + z 1
vivjEE ViV;EE Vivj€E

= 8M,(G) + 4M,(G) + 2e.

Case 2: For every v;vj,uu; € E’,
dop1e@ ey (Vi) = 2d 006y (W) = 2dg(v) + 1

and ,
dsplt(z)(G) (Uj) splt(z)(G)( ) 2dg (Uj)'

Hence,

Z dsplt(z)(G)(vi)dsplt(z)(G)(v]")+ z dsplt(z)(G)(Ui)dsplt(z)(ﬁ)(vi,)

vlv'EE’ vjv’EE’
+ Z dsplt(z)(G)(ul)dsplt(z)(G)( )+ z dsplt(z)(G)(u])dsplt(z)(G)(u)
uu; "eE’ uju; 'eg’
= > (@dew) + Dds(v)) + (2da(v) + D)
ViVjEE
+ ) (@de) + Do () + (25 (vy) + 1D)ds(wD)
ViV;€EE

= 8M,(G) + 2M,(G).
Case 3: For every v;u; € E",
dsplt(z)((;)(vi) = stplt(z)(G) (ul) = ZdG (vi) + 1

Hence,

Z A1 6y Vi) 6y (W)

viuiC—_E”

= ) @de(w) + 1
ViEV

=4M,(G) + 8e + p.
Combining the three cases, M, (splt(z)(G)) = 16M,(G) + 10M,(G) + 10e + p.
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Theorem 2.10. Let G and H be two connected graphs. Let G consist of p vertices and eg edges. Let
H consist of q vertices and ey edges.

My(G vV H) = 8M,(G) + 3qM; (G) + My(H) + pMy(H) + 2pq(2e + ey)
+q2e; + p?ey + p?q? + 8egey.

Proof. By Definition 1.3, G v H has 3e; + ey + pq edges. Let the vertices of G be named
as Vi,V ..., Vp and the additional set of vertices in splt(G) be named as vy, V3, ..., Vp. Let the
vertices of H be named as uy, Uy, ..., Ug, Ug, Uy, ..., Up. The edge set of G V H may be written as
EUE"UE" UE"" where

E = {viv},
E' ={vv, vy} fori,j=1,2,..,pandi # j,
E" = {wu},

E" ={vyu}fork,l=1,2,..,qand k # L

Case I: For every v;v; € E,
devy(vy) = 2ds(vy) +q.

Hence,

Z deH (Ui)deH (Uj)

ViVjEE
Viv€EE
=4 Z dG(vi)dG(vj) + 2q Z de(v) + dG(vj) + g2 Z 1
ViV;€EE Viv;€EE ViV€EE

= 4M,(G) + 2qM,(G) + q?e;.
Case 2: For every vivj', vv; € E,

dovu(v) =2dc () +q,  deyu(v]) = de(v)).

Hence,

Z deH(Ui)dcyH(Vj’)‘l‘ Z devn (V) dgvn (v))

vvieE’ vjv ek’
= D (@dew + da(vy) + (2d5(v)) + 0)d(v0)
ViV;EE

4M,(G) + qM,(G).

Case 3: For every uzu; € E"',
devn (i) = dy(w) + p-
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Hence,
devy (W) dgvy (W) = My(H) + pMy(H) + p?ey.

ugu €E"
Case 4: For every v;uy, € E""',
devy(vy) = 2ds(v) +¢q, dovi (W) = 2dy(w) +p.
~ doya (W) deyn (W) = 2dg (v)dy (W) + qdy (we) + 2pde(v;) + pg.

By Definition 1.3, there exists an edge between every v; € G and uy, € H. For a fixed uy and varying
Vi

£l

D doun (@D doyn ) = decdy () + pady(w) + 4peg + v

Allowing uy to vary,
devy (V) dgyn (w) = 8egey + 2pqey + 4pqeg + p*q>.

viur€eE'’
Combining all the cases, we attain the value of M5(G V H).
Theorem 2.11. Let G and H be two connected graphs. Let G consist of p vertices and eg edges. Let
H consist of q vertices and ey edges.

My(GAH) = 8M,(G) + 2qM,(G) + My(H) + pMy(H) + 2pq(eg + ey)
+pley + p?q* + 4egey.

Proof. By Definition 1.4, G A H has 3e; + ey + pq edges. Working on similar grounds as proved in
Theorem 2.10, we get the result bearing in mind the following:

dean (i) = 2dg(vy),
dern()) =dg(vy) +q,
derp(ug) = dy(ug) +p.

Theorem 2.12. Let G and H be two connected graphs. Let G consist of p vertices and eg edges. Let
H consist of q vertices and ey edges.

M,(G H H) = 8M,(G) + 3qM,(G) + pM,(H) + pM,(H) + q°¢;
+pey + (4e; + pq)(2ey + q).

Proof. By Definition 1.5, G H H has 3e; + pey + pq edges. Let the vertices of G be named as
V1, V2, .-, Vp and the additional set of vertices in splt(G) be named as vy, V3, ..., Vp. Let the vertices
of thei'" copy of H be named as Uy, Usz, -+, Uigwherei = 1,2, ..., p. If {v;v;|v; adjacent to v; in G}
denotes the edge set of G and {uju;|u, adjacent to u; in H} denotes the edge set in H, the edge set
of G | H may be written as E U E" U (U; E{") U E""" where:
E = {Uivj},
E' = {vlv;,vjv{}
E" = {uguy},
E" ={vyuy}fori,j=1,2,..,p,i #j andk, 1l =1,2,...,q,k # L
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Case 1: For every ViVj € E,
degn(vi) = 2dg(v) + q.

Hence,

Z dGEH(Ui)dGEH(Vj) = 4M,(G) + 2qM, (G) + q?eg,

ViVEE

. ! ! !
Case 2: For every v;v;, v;v; € E',

degn(vy) = 2ds(vy) +q, dGEIH(vj’) =dg (vj)-
Hence,

dGEIH(vi)dGEIH(v]',)+ z degn (v degn (v))

v'eE! v'eg!
viv;€E Vv, €E

= 4M,(G) + qM,(G).
Case 3: For every u;,u;; € E/,

degn(u) = dy(uy) + 1.
Hence,

degn W) degn (wy) = Ma(H) + My (H) + ey.
iUy €E]’
Considering the p copies of H, Xy, g/ degu (i) degn(Ua) = p(Mo(H) + My (H) + ey).
Case 4: For every Vi, € E'"
degn(W)degn () = 2dg(v) + @) (dy(uy) + 1.

For a fixed v;,

> dogn () dognuad) = (26 () + ) (2ey + ).

Allowing v; to vary,
degn (W) degn (ui) = (4eg +pq)(2ey + q).
viuikeE”’
Combining all the cases, we attain the value of M, (G H H).

Theorem 2.13. Let G and H be two connected graphs. Let G consist of p vertices and €6 edges. Let
H consist of q vertices and €H edges.

M, (G H H) = 8M,(G) + 2qM,(G) + pM,(H) + pM;(H) + pey + (2e¢ + pq)(2ey + q).

Proof. By Definition 1.6, G X H has 3€ + Pen + Pq edges. Working on similar grounds as proved
in Theorem 2.12, we get the result bearing in mind the following:
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dGBﬂH(vi) = 2ds(vy),
degn(v)) = ds(v) +q,
demn (i) = dy(uy) + 1.

Theorem 2.14. Let G and H be two connected graphs. Let G consist of p vertices and €6 edges. Let
H consist of q vertices and €H edges.

M,(G X H) = (q +2)(3q + HM,(G) + (2q + 5)eyM1(G) + pMa(H) + 2eaM; (H).

Proof. By Definition 1.7, G X H has 3€c + Peun + 2qeg edges. Working on similar grounds as in
previous theorems, cases 1 and 2 are obtained, bearing in mind that:

degn () = 2(q + 2)dg(vy),
dazm(v{) = dg(vy).

Let the vertices of the i*" copy of H be named as U1, Uiz, - -+, Ujg Where i =1,2,..,p. Let
{vivj |vi adjacent to v; in G} denotes the edge set of G and {u,u;|u; adjacent to u; in H} denotes
the edge set in H.

Case 3: For every Uik Wit in the i copy of H,
demn (i) = dy(we) + dg(vy).

Hence,

> dogn i) doga (i) = My(H) + dg ()M (H) + ey d3 ().

UjkUil
Considering the p copies of H, 2 dexn (Wi) degn (Ua) = pMa(H) + 2ecM, (H) + ey My (G).
Case 4: For every edge Villjik whenever Vi and VJ are adjacent in G,

degn W) degn (wi) = (q + 2)de(v) (dH(uk) +dg (Uj))-

Adding and reorganising the terms,

Z dGH(vi)dch(ujk)
= > (@ +2)dg) (dy ) + dg(v)))

viv;j

= 2en(a+2) ) dg@) +do(v) +2a(a +2) ) dg(@ds (1))

viv;j viv;

= 2en(q + 2)M,(G) + 2q(q + 2)M,(G).

Combining all the cases, we attain the value of M (G H).
Forgotten Index
The Forgotten index of the graphs defined above is calculated.
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Theorem 2.15. Let G and H be two connected graphs. Let G consist of p vertices and eg edges. Let
H consist of q vertices and ey edges.

i. F(splt(G)) = 9F(G);
ii. F(splt®(G)) = 18F(G) + 24My(G) + 2p + 24e;:
ii. F(GVH)=9F(G)+F(H)+12qM,(G) + 3pM,(H) + pq® + p3q + 12q%e; + 6p2ey;
iv. F(GAH) =9F(G) + F(H) + 3qM;(G) + 3pM,(H) + pq® + p3q + 6q%e; + 6p’ey
=F(GVH) —9qM,(G) - 6q°eg;
v. F(GEBH)=9F(G) +pF(H) + 12qM;(G) + 3pM,(H) + pq® + pq + 12q%e; + 6p3ey;
vi. F(GH H) =9F(G) + pF(H) + 3qM,(G) + 3pM; (H) + pq® + pq + 6q°e; + 6p2ey
= F(G B H) — 9qM,(G) — 6q°eg;
vii. F(6 R H) = ((q + 2)3 + q + 1)F(G) + pF (H) + 6ey M, (G) + 6ecM, (H).

Proof. Since F(G) = Yyev dg (W), the proof is similar to that of the theorems proved in section 2.1.

Conclusions

The First Zagreb index, the Second Zagreb index and the Forgotten index of splitting graph splt(G),
second splitting product graph splt®(G), splitting V-vertex join graph G V H, splitting S-vertex
join graph G A H, splitting corona graph G H H , splitting add vertex corona graph G F§ H, splitting
neighbourhood corona graph G X H, are calculated. The study shows that the indices of the resultant
graphs depend solely on the number of vertices and edges and the indices of the original graph.
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