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Fredholm integro-differential equations (IDEs) are important 
mathematical models used in various scientific disciplines. 
However, the presence of nonlinearity in these equations poses 
significant challenges for conventional numerical methods, such as 
quadrature formulas. This article presents a comparative analysis 
of the application of the Laplace decomposition method (LDM), 
the Adomian decomposition method (ADM), and the homotopy 
perturbation method (HPM) to nonlinear Fredholm IDEs with initial 
value problems. All methods were transformed into a sequence 
of solvable nonlinear integral equations. LDM, a semi-analytical 
technique specifically designed for nonlinear IDEs, offers an efficient 
approximation approach. The study presents the results of solving 
three illustrative examples using LDM and conducts a comparative 
analysis with other methods, such as ADM and HPM. The results 
demonstrated that LDM achieved exceptional accuracy and efficiency 
for nonlinear Fredholm IDEs.
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Introduction 

Integro-differential equations (IDEs), both in ordinary and partial forms, play a significant role 
in mathematical modelling across a wide range of engineering and scientific disciplines. These 
equations are employed in various fields, including finance, reactor dynamics, population studies, 
ecology modelling, aerospace engineering, fluid mechanics, biological and chemical systems, 
process engineering, hydroelectric machinery, and other domains. In this article, linear and nonlinear 
Fredholm IDEs of the second kind with initial value problems are presented. Conventional numerical 
methods, such as quadrature formulas, often encounter limitations in providing accurate solutions 
for these equations due to the presence of nonlinearity. Therefore, there is a pressing need to develop 
efficient and reliable approximate methods to tackle these challenging equations. To approximate 
their solutions, researchers have proposed several methods, such as the Adomian decomposition 
method (ADM) [1-4], Laplace decomposition method (LDM) [5-8], homotopy perturbation method 
(HPM) [9-10], homotopy analysis method (HAM) [11-13], direct computation method [14], variation 
iteration method [15], and reproducing kernel method [16]. LDM, which was introduced by Khuri 
[7], has emerged as a promising computational technique for addressing the nonlinearity inherent 
in Fredholm IDEs. However, there is a lack of comprehensive research on the application of LDM, 
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specifically for nonlinear cases with initial value problems. Thus, it is imperative to undertake an 
exploration and evaluation of the effectiveness of LDM in solving these complex equations. 

This article focuses on LDM, which combines the Laplace transform and ADM to approximate 
the solutions of nonlinear Fredholm IDEs with initial value problems. To evaluate the performance 
of LDM, a comparative analysis of the results is conducted, focusing on the error comparison 
between LDM, ADM, and HPM. 

Methodology (Implementation of LDM, ADM, and HPM)

In this article, the nonlinear Fredholm IDEs of the second kind are considered in the form:

	 					     (1)

with the initial condition: 

	 					     (2)

where u(n)(x) is the n-th derivative of the unknown function u(x) that will be determined, K(x,t) 
represents the kernel of the integral equation, f(x) is an analytic function, F(u(t),u'(t)) is a nonlinear 
function, and a and b denote the limits of integration. 

By applying the Laplace transform, denoted by , to both sides of Equation (2), the following 
result is obtained:

 	 				    (3)

Using the differential property of the Laplace transform, the expression becomes:

 	 	 (4)

Dividing Equation (4) by sn yields:

   

	  			   (5)

Applying the inverse Laplace transform on both sides of Equation (5), the following is derived:

	 				    (6)

where:

	 				    (7)

represents the term resulting from the source term and the prescribed initial condition.

The linear term 𝑢(𝑥) on the left side is first expressed as an infinite series of components:

	  							       (8)

where the components un (x), n ≥ 0 are determined recursively. However, the nonlinear term 
𝐹�𝑢(𝑡),𝑢^' (𝑡)� on the right side of Equation (1) will be represented as an infinite series of Adomian 
polynomials 𝐴� in the form:
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	   						      (9)

where  is defined as:

	  		  (10)

Here, 𝐴� can be evaluated for all forms of nonlinearity.

Substituting Equations (8) and (9) into Equation (7) leads to:

	 			   (11)

ADM provices the recursive relation as follows:

	 				    (12)

Equation (12) represents the general scheme of LDM for nonlinear Fredholm IDEs given in 
Equations (1) and (2):

To apply ADM for the IDEs in Equations (1) and (2), they are transformed into integral equations 
of the Fredholm type:

	 				    (13)

where: 

	 (14)

with: 

 						      (15)

Using Equations (8), (9), and (10), the following ADM scheme is obtained:

 					     (16)

To visually illustrate the fundamental concept of HPM, consider the nonlinear functional equation 
(Biazar & Ghazvini, 2008) in the form:

									         (17)

In a convex homotopy form, the perturbation scheme is constructed as follows:

                                      	 (18)

where 𝑝 ∈ [0,1] is the homotopy parameter and 0u  is an initial guess satisfying the initial or 
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boundary conditions in Equations (1) and (2). It is evident that when 0p =  and 1p = , the 
following conditions hold:

	 						      (19)

in which v varies from the initial u0 to the exact solution u of Equation (17).
Equating the homotopy function in Equation (18) to zero yields the following expression:

	                                       		  (20)

Let the solution to Equation (17) be sought in the form:

                                                                                                             	 (21)

Substituting Equation (21) into Equation (20) yields:

	                 	 (22)

By comparing coefficients of terms in Equation (22) with identical powers of P, it results in:

	                                                   (23)

where L-1 is the inverse operator of L.

Hence, the analytical-approximate solution is expressed as:

	   					     (24)

Applications and Results

This section demonstrates the application of three methods, LDM, ADM, and HPM, using the 
following examples.

Example 1 [6]: Consider the linear Fredholm IDE given by: 

	 						      (25)

with the initial conditions: 

	 							       (26)
and the exact solution is u(x) = ex. 

Method 1 (LDM): To solve Equations (25) and (26) using LDM, the Laplace transform is applied 
to both sides of Equation (25):

	  				    (27)

Dividing both sides of Equation (28) by 𝑠� and taking the initial conditions from Equation (26) into 
account yields:

	 				    (28)
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Applying the inverse Laplace transform on both sides of Equation (28), the following expression is 
obtained:

	 					     (29)

Applying ADM to Equation (29) leads to the following recursive relations:      
    

	           			   (30)

Therefore, the approximate solution of Example 1 can be readily obtained as follows:
   			   (31)

Method 2 (ADM): To solve Equations (25) and (26) using ADM, both sides of Equation (25) 
are integrated twice with respect to x, and the initial conditions from Equation (26) are taken into 
account, yielding:   

	 					     (32)

Applying ADM to (32), the recursive relation is presented as follows: 
    
      
   				  

(33) 

Therefore, the approximate solution of Example 1 can be readily obtained as follows:

			   (34)

Which is the same as LDM (31):

Method 3 (HPM): To solve Equations (25) and (26) using HPM, they are converted into an integral 
equation as stated in Equation (32) i.e.:

	 				    (35)
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A homotopy function can be readily constructed as follows:
                     

	 			   (36)

and express the solution in series form:

	 							       (37)

Substituting Equation (26) into Equation (25), the recursive relation is presented as follows:

	  	 (38)  

Therefore, the approximate solution of Example 1 can be readily obtained as follows:

	  		  (39)

From Equations (31), (34), and (39), it can be concluded that LDM, ADM, and HPM provide the 
same solution accuracy for the linear IDEs in Equations (25) and (26). Table 1 show the numerical 
results.

Table 1: Comparison of absolute errors for ADM, LDM, and HPM for Example 1 at n = 5
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Figure 1: Comparison of absolute errors for ADM, LDM, and HPM for Example 1 at n = 5

Table 2: Comparison of absolute errors for ADM, LDM, and HPM for Example 1 at n = 50
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Figure 2: Comparison of absolute errors for ADM, LDM, and HPM for Example 1 at n = 50

Remark 1. The results presented in Table 1 to 2, as well as Figure 1 to 2, provide a comprehensive 
comparison of ADM, LDM, and HPM in solving the second-order linear Fredholm IDEs in Equations 
(25) and (26). Notably, the analysis reveals that all three methods produce identical absolute error 
values across different iteration counts (five and 50 iterations), indicating that they achieve the same 
level of accuracy in approximating the solution. These results highlight the convergence behaviour 
of the methods, with the absolute error decreasing as the number of iterations increases, approaching 
the exact solution. 

Al-Hayani [6] considered the same IDEs and solved them using LDM, comparing the results with 
those obtained from HPM and the variational iteration method, concluding that LDM outperformed 
the others. However, careful investigation shows that both HPM and LDM yield identical errors. 

Example 2 [10]: Consider the following nonlinear Fredholm IDE: 

	 					     (40)

with the initial condition: 
	 								        (41)

and the exact solution is .
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Method 1 (LDM): To solve Equations (40) and (41) using LDM, the Laplace transform is applied 
to both sides of Equation (31):

	 				    (42)

Using the initial condition (41) and dividing both sides of Equation (40) by 𝑠, the following result 
is obtained:

	 				    (43)

Applying the inverse Laplace transform on both sides of Equation (42) yields:

	 			   (44)

Applying ADM and considering the nonlinear term representations (9) and (10) result in the 
following recursive relations: 
												          
			 

	

										          (45)

Therefore, the approximate solution of Example 2 can be readily obtained by:

									         	 (46)
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Method 2 (ADM): To solve Equations (40) and (41) using ADM, both sides of (40) are integrated 
with respect to x, taking the initial condition (41) into account, to obtain:

  	 				    (47)

Applying ADM results in the following recursive relation:
		

	 (48)

Therefore, the approximate solution of Example 2 can be expressed as:

(49)

Method 3 (HPM): To solve Equation (40) and (41) using HPM, both sides of Equation (40) are 
integrated with respect to x, taking into account the initial condition (41):

	 				    (50)

A homotopy function can be constructed as follows:
                

	                                                     								      
			   (51)

The solution to Equation (40) can be sought in series form as follows:

	                                                                                   	 (52)

Substituting Equation (52) into Equation (51) yields the following recursive relation:
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(53)

Therefore, the approximate solution of Example 2 can be represented as follows:
	 											         
	

(54)

Table 3: Comparison of absolute errors for ADM, LDM, and HPM for Example 2 at n = 5
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Figure 3: Comparison of absolute errors for ADM, LDM, and HPM for Example 2 at n = 5

Table 4: Comparison of absolute errors for ADM, LDM, and HPM for Example 2 at n = 50
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Figure 4: Comparison of absolute errors for ADM, LDM, and HPM for Example 2 at n = 50

Remark 2. The results presented in Table 3 to 4, as well as Figure 3 to 4, provide a detailed 
comparison of ADM, LDM, and HPM in solving a first-order nonlinear Fredholm IDE. The analysis 
indicates that all three methods produce identical absolute error values across different iterations 
(five and 50 iterations), demonstrating that they achieve the same level of accuracy in approximating 
the solution. These findings underscore the convergence behaviour of the methods, wherein the 
absolute error decreases as the number of iterations increases, approaching the exact solution. 

Saha et al. [10] also solved Example 2 using HPM, ADM, and the series solution method, 
reporting that HPM yielded the exact solution, while the other methods exhibited some errors. A 
detailed investigation reveals that ADM can provide a more accurate solution if the initial guess is 
selected appropriately. 

Example 3 [7]: The following nonlinear Fredholm IDE is considered:

                                                              (55) 

with the initial condition: 

                                                                                                                    (56)

and the exact solution is u(x) = sinh (x)  

Method 1 (LDM): To solve Equations (55) and (56) using LDM, the Laplace transform is applied 
on both sides of Equation (55):

                (57)

Dividing both sides of Equation (57) by 𝑠� and incorporating the initial conditions (56) result in:
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	 		  (58)

Applying the inverse Laplace transform to both side of Equation (58) yields:

	 	 (59)

Applying ADM results in the following recursive relation: 

	

										          (60)

Therefore, the approximate solution to Example 3 can be expressed as: 
 	 				  
												          
										          (61)

Remark 3. Example 3 was solved by Manafianheris [7] using LDM, with the claim that the exact 
solution can be achieved within two iterations. However, investigations reveal that the exact solution 
can be obtained by increasing the number of iterations. 

Method 2 (ADM): To solve Equations (55) and (56) using ADM, both sides of Equation (55) are 
integrated twice with respect to x, while taking the initial conditions (56) into account. This yields:

	 						    
										          (62)

Applying ADM leads to the following recursive relation:

	 					   
					   

										          (63)
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Therefore, the approximate solution to Example 4 can be obtained as follows:

	 					  
										          (64)

Method 3 (HPM): To solve Equations (55) and (56) using HPM, IDE (55) is reduced to an integral 
equation of the following form:

	 						    
										          (65)

A homotopy function can then be readily constructed as follows:

	 			 
										          (66)

Seeking for the solution leads to:  

	 							       (67)

Substituting Equation (56) into Equation (55) and deriving the recursive relation yields:

	 		
									       

										          (68)

Therefore, the approximate solution to Example 4 can be readily obtained by:

	 			   (69)
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The numerical results for the proposed methods (LDM, ADM, and HPM) are presented as follows:
 

Table 5: Comparison of absolute errors for ADM, LDM, and HPM for Example 4 at n = 5

Figure 5: Comparison of absolute errors for ADM, LDM, and HPM for Example 4 at n = 5
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Table 6: Comparison of absolute errors for ADM, LDM, and HPM for Example 4 at n = 30

Figure 8: Comparison of absolute errors for ADM, LDM, and HPM for Example 4 at n = 30

Remark 4. The results from Example 3 offer insightful comparisons among ADM, LDM, and HPM 
in solving second-order nonlinear Fredholm IDEs. As shown in Table 5 and Figure 5, these methods 
initially produce similar absolute error values. However, as the number of iterations increases, LDM 
outperforms both ADM and HPM, exhibiting a lower absolute error at 30 iterations. In contrast, 
ADM shows higher absolute error than HPM and LDM at 30 iterations. In conclusion, while ADM, 
LDM, and HPM demonstrate comparable performance at lower iterations, LDM proves superior in 
terms of accuracy for higher-order equations. 
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Conclusions

This study demonstrates the effectiveness of ADM, LDM, and HPM in solving linear and nonlinear 
Fredholm IDEs with initial value problems. The accuracy of the solutions improves as the number 
of iterations increases, resulting in a decrease in the absolute error. Notably, LDM outperforms both 
ADM and HPM, exhibiting superior performance with lower absolute error at higher iterations. This 
finding underscores the unique computational strategies of LDM, which contribute to its enhanced 
accuracy and efficiency in solving higher-order equations compared with the other methods. This 
study contributes to the field of numerical methods for solving linear and nonlinear Fredholm IDEs, 
highlighting LDM as a robust and effective approach, validated through comparisons with ADM 
and HPM. Further research may explore the applicability of LDM in diverse mathematical and 
scientific contexts, as well as its performance in more complex scenarios. 
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