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INTRODUCTION

The approximation of a function defined on a unit sphere with an orthogonal function system is
important in solving boundary and initial problems for mathematical physics equations, such as heat
or wave equations, within a unit ball. An example of such an orthogonal function system is the set
of orthogonal polynomials on a unit sphere.

Spherical harmonics are the restrictions of space homogeneous harmonic polynomials on a unit
sphere SY, N>3.1f ¥ and Y represent spherical harmonics degree n and m, n # m, respectively, then
they are orthogonality in L (SV):

f Y, (x) Yp(x)do(x) =0, n# m

SN

Here do(x) denotes the surface element on a unit sphere.

. . (N+n)! N+n-2)! > . .
The set of all spherical harmonics of degree n, denoted as a, =, - (N!(IC_Z;, forms a dimensional

subspace of L,(S"). Let {Y,", Y",..., Y "} represent the orthonormal basis of this subspace. The union
of all such bases will constitute an orthonormal basis in L(SY).
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Denote by P /(f) the Gegenbauer polynomials (refer to [6]). These polynomials can be generated
from the function (1-2¢th+h*)* as the coefficients in the expansion of this generating function in the
Maclaurin series with respect to the variable 4. Then the following summation formula is valid:

N
N-2 >

P, 2 (cosy) = #zy YO,

(m

where y, 0 <y <, is the spherical distance between x and y.
Let feL,(S"). The Fourier coefficients with respect to the orthonormal system {Y", Y.",..., Y} by:
fit= ff(x)lf}"(x)da(x), j=123,..,a,
SN

The Fourier-Laplace series of the function f'is defined as follows:

F@) = TiaY,® (0 O

where

T (0 = ) O

=

Taking into account the summation formula above for the Gegenbauer polynomials,

i} N2y (N-2 -
Nz _w ff(_y)Pr%(cusy) do(y), (2)

SN

Note that for any function f{y) from L,(S"), the following energetic equation, known as Parseval’s
equality, is valid:

2

IFl = |52, |v7 ¢ro

Here, || f]| represents the norm of the function fin L,(S").

Hence, from the Parseval’s equality, it follows that for any function f'in L,(S"), its Fourier-
Laplace series (1) converges in the norm of the space L (S").

Numerous research works and literature are dedicated to the study of the Fourier-Laplace series
on a sphere (1). Notably, in the book [6], the author analyses problems of summability, localisation
problems, and almost everywhere convergence. In [6], these problems are investigated in the
Lebesgue spaces LP(SN), p > 1. Additionally, in [1], the author develes into problems of uniform
convergence and localisation of the Cesaro means of the series (1) within the Nikolskii classes.
This problem is also explored in [2] for the singular functionals, while the uniform convergence of
these series studied in [3]. The convergence of the Cesaro means of the Fourier-Laplace Series is
examined in [4]. Furthermore, problems within the spaces of distributions are investigated in [5],
[6], [7]. For a foundational understanding of the Four-Laplace series, one can refer to the book [8].
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THE CESARO MEANS OF THE FOURIER-LAPLACE SERIES

Let a be a non-negative number. Then, the Cesaro means of order o of the partial sums of the
Fourier-Laplace series (1) are defined as follows:

SEFOO = & Sk A5, () @

I(a+m+1)

a —
Here, Ay = I'(a+1)m!

.t is clear that if a= 0, then (3) is the partial sum of (1).

Substituting (2) into (3) and changing the order of integration and summation yields:

Snf(x) = fSNf(Y)@a(x:J’:n) do(y) (4)
where
0%(x,y,n) =
n N—2\./N—=2
1 (n+=7)r(55) s
=— > A% P, % (cosy).
4 kz ‘ 207 (5)

Thus, the Cesaro means of the partial sums of the Fourier-Laplace series (3) can be considered
as an integral operator (4) with the kernel (5).

For the kernel (5), the following estimations are valid [1]:
Theorem 1. If « > —1 and |§—y| < niﬂg, then for n — oo

N-1
n 2

N-1 1+a
(2siny) z - (2 sin %)

o(mT ) 0@

(sin y)% (sin %)Ha (sin %)HN '

—a

+

0%(x,y,n) = 0(1) -

ifa>-1and 0 <y <y<mr, then forn>1

O“(x,y,n) = O(1)- ™'

ifoo>-1and 0<y <, then for n>1

O(x,y,n) = O(1)- n"

THE SPACES OF THE DISTRIBUTIONS ON S™.

Denote by C*(S") a space of infinitely differentiable functions on a sphere SV. This is a linear
vector space and can be equipped with the topology of the uniform convergence of the sequence of
functions and their derivative of any order. Denote this topological space as &(S"). Denote by £/(S")
the space of the linear continuous functionals on &(S").

Note that a set of all polynomials Y/.”(x) belong to &(S"). For any functional fe&/(S"), its Fourier
coefficients are defined as the action of this functional on the function Y/."(x) as follows:
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]j” =<f, Yj."(x) >. The corresponding decomposition of the functional fusing the orthogonal system
of test functions is represented as follows:

This decomposition always converges in the weak topology, which is the topology of the space

£'(SY).

MAIN THEOREM

In addition to the the weak (in £/($")) and strong (in L,(S")) topologies mentioned above, one can
consider other topologies for the equality above in the sub domains of SY, where a distribution
coincides with the regular function. For example, if a singular distribution coincides with a
continuous function in ¥ < SV, then the examination of uniform convergence or summability of the
series in V' is possible.

For the classifications of the singularities of the distributions, Sobolev spaces W (S") are
employed, where ¢ any real number. Then, NI,(S") = &(S")

The main result of this paper is encapsulated in the following theorem.

Theorem 2. Let in V < SV be a domain and f be a continuous functional in V from the space W*(SV)
Ne(SY), €> 1/2. Then the series (4) uniformly converges in any compact set from Vifa =% +¢.

PROOF OF THEOREM 2

Introduce a new function g (x) that is continuous on the sphere S and coincides with the functional
Sin V. Set g,=f- g (x). The uniform convergence of Sj g (x) in any compact set from V' to f follows
from estimations of the kernel (5) in Theorem 1 and the following theorem [1].
Theorem 3. Suppose g(x) is a continuous function from the Nikolskii class H*,(S"), and a + ¢ > Lo
¢>1/2. Then

lim S g(x) = g(x),
uniformly in on S".

Note that the functional g, is equal to zero in the domain V. Thus, to prove Theorem 2, it needs to
be established that

lim S g,(x) =0,
This follows from the following theorem on the localisation [5].

Theorem 4. Suppose g(x) is a functional from the class F5(S") N &/(S"), and a >¢ + 1. Then

lim §% g(x) =0,
uniformly in any compact set from S"lsupp (g).

Theorem 2 is thus proved.
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