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INTRODUCTION

The subclass of multivalent functions has
attraction many researchers in the area of
geometric function theory nowadays. This
area of research has motivated the researchers
recently since of its numerous applications in
applied sciences, e.g., optimal control problems,
ordinary fractional calculus, g-transform
analysis, g-difference and g-integral equations,
g-derivative, g-Chebyshev polynomials, etc.,
see [1] and [4]. Since then this area has grown
into many directions and many of its subfamilies
were developed recently, such as by using the
concept of the g-calculus in association with
the Janowski functions [3], etc. Before stating
and proving our main results, we give a brief
discussion on the basics of this area which
will be beneficial in understanding the work to
follow.

Let Ap denote the class of functions in the
form of

f(z)=2zP + Z axz",
k=p+1

€]
which is analytic and multivalent (or p-valent)
in the open unit disk D = {z € C:|z|1}. Also
z) €4, is said to be in the class PS of parabolic
starlike functions in D if

ZTf'—p| < Re {ZTF}, (z € D),
(2)

and f(z) € 4, is said to be in the class PUC of
parabolic uniformly convex functions in D if

’i+1—p‘ <Re{1 +%} (zeD),

7 (3)
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see [5] and [8]. In other words, for every circular
arc contained in D, with a centre also in D, the
image of the curve under f'is a convex arc. The
various properties of parabolic starlike and
parabolic uniformly convex functions were
investigated by many authors. For example, see
(2], [6], [7] and [9].

For ¢ >-p(c,p are real numbers),we consider
the integral operator:

F()=(c+ p)f -1 F(0) dt,
: 4)

60

where f'(z) is given in (1). For convenience, we
write (F (f))'z¢ = F, see [10]. Motivated from
the discussion above, we utilize the concepts
of p-valent functions associated with parabolic
regions and investigate some of their geometric
properties.

MAIN RESULT

In this section, we consider the families PS,
PUC and relations between them. Such classes
were studied in [10]. See also [11] and [12].

Theorem 1. Let f{z) € Ap, then F'is in PUC if and only if f{z) € PS.

Proof. From (4), we get:

c+p
F' = (2),
1 )
and
B 7f(2) - f2)
F' = (c+p)(22> 6)
Then by (3), we have F' € PUC if and only if
ZFII 1 R 1 ZF”
7 _”<e{+7}' @)
or equivalently, by putting (5) and (6) in the above inequality, we get:
|(C +p) (z f'(2) — f(z)) C+p) (z £ () —f(z))
f(Zz) +1-p|<Re{l + f(ZZ)
| (C+P)T ( +P)T (8)
Thus
z f'(2) Zf'(Z)}
— R .
10 | =re { @ ©)

then by (2), f(z) is a parabolic starlike function and so f{z) € PS.

A function f(z) € Ap is said to be a member of PMC(a,pf) of parabolic multivalent convex
functions of order o and type f, if the following condition holds:

11

FI

+1-pla+p) <p(ﬁ—a)+Re{1+£}

Fr

where 0< a<1,0< <+, a <fand Fis given in (4).
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Theorem 2. A function f € PMC(a,p) if and only if for every z € D, the values of %,”-i- 1 lie in
the interior of the parabolic region.

Proof. By (7), if we put the values of %”+ 1 equal to ¥, we have:

W — p(a + )| < p(B — a) + Re{w},

or
[Re{w} —p(a + B)? + Um{w})? < (p(B — a) + Re{w})?,
or
(Im{w})? < (2pla + B) + 2p(B + a)) (Re{w}) — 4p?ap.
Hence

(Im{w})? < 4pB (Re{w} — pa),

and that is the interior of the parabolic region in the half-plane (right side) with the vertex at (pa.,0)
and 4pp is the length of the latus rectum. The relations are reversible, so the proof is complete.

Theorem 3. Let f{z) € Ap , and F are defined by (4). Then fis p-valently starlike of order A if and
only if F'is p-valently convex of order A.

Proof. Let F be p-valently convex of order A, then:

R {1 + ZF”} >2
e B .

But by (5) and (6), we get:

Re{1 +%}=Re{1+zf,f_f}=Re{ZTf,}>l,

and so f(z) is p-valently starlike. The relations are reversible and so conclude the required result.

In the last theorem, we show that the family PMC(a,p) is closed under the product of functions
with real powers.

Theorem 4. Letf,f(z)E PMC(oc/.,ﬁ/,), with 0 < a/.<1, Zfil a,< 1,0 < B/.< wandj=1,2,..,m. Then g(z)
=117, (f)?is in PMC(aB), where a = x da and B= hdp.

Proof. Since f € PMC(a,3), j = 1,2,...,m, then by (7), we have:

"

zF" zF
< p(ﬁ,— - a,-) + Re{l + ?}

— t1-v(e+5)

®)

Now, we must show that:
|ZGH

7+1—p(a+ﬁ) <p(ﬁ—a)+Re{1+£,”},

G
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where
G:Gc(g)zctpf tc_lg(t) dt,
0
d;
and g(2) =T%, ()"
By a direct calculation, we obtain:
n _ _ Z_‘g,_
T+1 p(a'+ﬁ')|— g p(a+ﬂ)‘

<

With a simple calculation on (8), we get:

sz - (. B)
and so

— 41—
‘G’

<

=1

m

2.

Jj=1

5t

=

<Re{ ) }-}-p(ﬁ,,aj)

zf'.
d; <T]_ P(“f:ﬂj))

fl_j_p(“i+ﬁj)

)

< ( fL }+p(a,+ﬁ,))>

—Re{g}+p(ﬂ—a)

Hence, g(z) € PMC(a,p) and this gives the required result.

CONCLUSION

The aim of this paper is to derive the connections
between the families of parabolic starlike
and parabolic uniformly convex functions by
applying the integral operator on multivalent
functions, which is the recent attraction for many
researchers nowadays. A parabolic region in the
half-plane is introduced to study the property
for the family of parabolic multivalent convex
functions of order a and type B, i.e., PMC (a, ).
Finally, we obtained that, the family PMC (a,
B) is closed under the product of functions with
real powers.
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