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The main purpose of this article is to derive the connections between the 
parabolic starlike and parabolic uniformly convex functions by applying an 
integral operator on multivalent functions. In addition, a parabolic region 
in the half-plane is introduced to study the family of parabolic multivalent 
convex functions of order a and type b.
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INTRODUCTION 
The subclass of multivalent functions has 
attraction many researchers in the area of 
geometric function theory nowadays. This 
area of research has motivated the researchers 
recently since of its numerous applications in 
applied sciences, e.g., optimal control problems, 
ordinary fractional calculus, q-transform 
analysis, q-difference and q-integral equations, 
q-derivative, q-Chebyshev polynomials, etc., 
see [1] and [4]. Since then this area has grown      
into many directions and many of its subfamilies 
were developed recently, such as by using the 
concept of the q-calculus in association with 
the Janowski functions [3], etc. Before stating 
and proving our main results, we give a brief 
discussion on the basics of this area which 
will be beneficial in understanding the work to 
follow.

Let Ap denote the class of functions in the 
form of

(1)

which is analytic and multivalent (or p-valent) 
in the open unit disk D = {z ∈ C:|z|1}.    Also 
f(z) ∈ Ap is said to be in the class PS of parabolic 
starlike functions in D if

(2)

and f(z) ∈ Ap is said to be in the class PUC of 
parabolic uniformly convex functions in D if

(3)
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see [5] and [8]. In other words, for every circular 
arc contained in D, with a centre also in D, the 
image of the curve under f is a convex arc. The 
various properties of parabolic starlike and 
parabolic uniformly convex functions were 
investigated by many authors. For example, see 
[2], [6], [7] and [9].

For c >-p(c,p are real numbers),we consider 
the integral operator: 

(4)

where f (z) is given in (1). For convenience, we 
write (Fc(f))'z

-c = F, see [10]. Motivated from 
the discussion above, we utilize the concepts 
of p-valent functions associated with parabolic 
regions and investigate some of their geometric 
properties.

MAIN RESULT
In this section, we consider the families PS, 
PUC and relations between them. Such classes 
were studied in [10]. See also [11] and [12]. 

Theorem 1. Let f(z) ∈ Ap, then F is in PUC if and only if f(z)  ∈  PS . 

Proof. From (4), we get:

(5)

and 

(6)

Then by (3), we have F ∈ PUC if and only if

(7)

or equivalently, by putting (5) and (6) in the above inequality, we get:    

(8)

Thus

(9)

then by (2), f(z) is a parabolic starlike function and so f(z) ∈ PS.  
A function f(z) ∈ Ap is said to be a member of PMC(a,b) of parabolic multivalent convex 

functions of order a and type b, if the following condition holds:

where  0 ≤  a < 1,0 < b < + ∞, a ≤ b and F is given in (4).

zf'(z) - f(z)
z2
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Theorem 2. A function f  ∈  PMC(a,b) if and only if for every  z ∈ D, the values of       + 1 lie in 
the interior of the parabolic region.

Proof. By (7), if we put the values of        + 1 equal to W, we have:

or

or

Hence

and that is the interior of the parabolic region in the half-plane (right side) with the vertex at (pa,0) 
and 4pb is the length of the latus rectum. The relations are reversible, so the proof is complete.  

Theorem 3. Let f(z) ∈ Ap , and F are defined by (4). Then f is p-valently starlike of order λ if and 
only if  F is p-valently convex of order λ.

Proof. Let F be p-valently convex of order λ, then:

But by (5) and (6), we get:

and so f(z) is p-valently starlike.  The relations are reversible and so conclude the required result. 

In the last theorem, we show that the family PMC(a,b) is closed under the product of functions 
with real powers.

Theorem 4. Let fj(z)∈ PMC(aj,bj), with 0 ≤ aj<1, ∑m
      aj  < 1,0 < bj < ∞ and j = 1,2,...,m. Then g(z) 

= Πm      (fj)
dj is in PMC(a,b), where a = ∑m   dj aj and b = ∑m     dj bj.     

Proof. Since fj ∈ PMC(aj,bj), j = 1,2,...,m, then by (7), we have:

(8)

Now, we must show that:

j=1
j=1 j=1 j=1
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where

By a direct calculation, we obtain:

With a simple calculation on (8), we get:

and so

Hence,  g(z) ∈ PMC(a,b) and this gives the required result.  

CONCLUSION
The aim of this paper is to derive the connections 
between the families of parabolic starlike 
and parabolic uniformly convex functions by 
applying the integral operator on multivalent 
functions, which is the recent attraction for many 
researchers nowadays. A parabolic region in the 
half-plane is introduced to study the property 
for the family of parabolic multivalent convex 
functions of order α and type b, i.e., PMC (α, b). 
Finally, we obtained that, the family PMC (α, 
b) is closed under the product of functions with 
real powers.

CONFLICTS OF INTEREST
The authors declare no conflict of interest. The 
funders had no role in the design of the study; 
in the collection, analyses, or interpretation of 
data; in the writing of the manuscript, or in the 
decision to publish the results.

ACKNOWLEDGEMENTS
The authors gratefully acknowledge the 
Ministry of Higher Education Malaysia and 
Universiti Malaysia Terengganu for partially 
supporting  this research under the Fundamental 
Research Grant Scheme (FRGS) Project Code 
FRGS/1/2021/STG06/UMT/02/1 and Vote no. 
59659.



GEOMETRIC PROPERTIES OF MULTIVALENT FUNCTIONS ASSOCIATED WITH PARABOLIC REGIONS                  63                                                                    

Journal of Mathematical Sciences and Informatics, Volume 2 Number 1, June 2022, 59-64

REFERENCES 
[1]  B. Ahmad, M. G. Khan, B. A. Frasin, M. 

K. Aouf, T. Abdeljawad, W. K. Mashwani 
& M. Arif. (2021). On q-analogue of 
meromorphic multivalent functions 
in lemniscate of Bernoulli domain. 
AIMS Mathematics, 6(4), 3037-3052. 
doi:10.3934/math.2021185. 

[2]  R. M. Ali. (2005). Starlikeness associated 
with parabolic regions. International 
Journal of Mathematics and Mathematical 
Sciences, 2005(4), 561-570. doi:10.1155/
IJMMS.2005.561.

[3]  Q. Hu, H. M. Srivastava, B. Ahmad, Na. 
Khan, M. G. Khan, W. K. Mashwani & B. 
Khan. (2021). A subclass of multivalent 
Janowski type q-starlike functions and 
its consequences. Symmetry, 13(7), 1275. 
https://doi.org/10.3390/sym13071275.

[4]  B. Khan, Z. -G. Liu, T. G. Shaba, S. 
Araci, N. Khan & M. G. Khan. (2022). 
Applications of q-derivative operator 
to the subclass of bi-univalent functions 
involving q-Chebyshev polynomials. 
Journal of Mathematics, 2022, Article 
ID 8162182, 7 pages. https://doi.
org/10.1155/2022/8162182 

[5]  S. Kulkarni, G. Murugusundaramoorthy 
& S. Najafzadeh. (2007). On certain 
generalized class of -valently parabolic 
starlike functions based on an integral 
operator. Mathematica (Cluj) – Tome, 
49(72), 49-53. 

[6]  S. R. Mondal. (2022). Radius of k-parabolic 
starlikeness for some entire functions. 
Symmetry, 14(4), 637. https://doi.
org/10.3390/sym14040637.

[7]  G. Murugusundaramoorthy. (n.d.). Pascal 
distribution series and its applications on 
parabolic starlike functions with positive 
coefficients. Int. J. Nonlinear Anal. Appl. In 
Press, 1–11.

[8]  Sh. Najafzadeh. (2021). Application of strip 
domain and parabolic region on univalent 
holomorphic functions. Al-Qadisiyah 
Journal of Pure Science, 26(5), Math 66–71.

[9]  F. Rønning. (1993). Uniformly convex 
functions and a corresponding class of 
starlike functions. Proceedings of the 
American Mathematical Society, 118(1), 
189-196. 

[10] H. Srivastava & A. Mishra. (2000). 
Applications of fractional calculus to 
parabolic starlike and uniformly convex 
functions. Computers & Mathematics with 
Applications, 39(3-4), 57-69. 

[11]    H. Srivastava, A. Mishra & M. Das. (2003). 
A class of parabolic starlike functions defined 
by means of a certain fractional derivative 
operator. Fractional Calculus and Applied 
Analysis, 6(3), 281-298.

[12]  H. M. Srivastava, G. Murugusundaramoorthy 
& S.Sivasubramanian. (2007. Hypergeometric 
functions in the parabolic starlike and 
uniformly convex domains. Integral 
Transform and Special Functions, 18(7), 
511-520.




