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In this note, we consider the product indefinite integral of the form
h(t)
C(h dt, c€ -1= =1
(h,c)= p f —dn e (-L1), y<zsl

An automatic quadrature scheme (AQS) is constructed for evaluating Cauchy
principal singular integrals in two cases. In the first case ¢€ [y,z] C [-1,1]
where -1 <y <z <1, density function /(?) is approximated by the truncated
sum of Chebyshev polynomials of the first kind. Direct substitution does not
give solutions so we have used the AQS and reduced problems into algebraic
equation with unknown parameters b, which can be found in terms of the
singular point with some front conditions. In the second case ¢ € [-1,1], the
application of the AQS reduced the number of calculations twice and accuracy
is increased. As a theoretical result, the convergence theorem of the proposed
method is proven in a Hilbert space. Numerical examples with exact solutions
and comparisons with other methods are also given, and they are in the line
with theoretical findings.
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INTRODUCTION

One of the most valuable mathematical tools is the subject of singular integrals of order one and two
in both pure and applied mathematics.

I,,(h,c,y,z)=

€(-11), r={12}, ~-1=y<z=sl

RSO

T (1=c)

where w() is a weight function.

There are many studies on the numerical
evaluation of singular integrals (SIs) (1) for =1,
[1]-[15] and hyper-singular integrals (HSIs) (1)
at r= {2}, [16]-[27] and literatures cited therein
when limit of integration [y,z]= [a,b] is fixed.
However not many research papers have been
published if the limit of integration of (1) is not

fixed. A precise evaluation of SIs and HSIs is
possible only in rare cases ([4], [16]), therefore
there is a need to enrich the approximate
methods for evaluating SIs and HSIs. Special
attention has been paid to the numerical
evaluation of Cauchy principal value integrals
(CPVIs) in the middle of the 19" century.
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Among the researchers looking into the singularity
problem were Stewart [1], Paget and Elliott [2],
Chawla and Ramakrishnan [3], Ioakimidis and
Theocaris [4], Monegato [5], Hasegava et al. ([6
-8], [10]), Boykov [9], Eshkuvatov et al. ([11-12]),
Shodimetov ef al. ([13], [15]), Nhan [14] and so
on.

In this note, we consider the product indefinite
integral (1) in the case of = {1}, w(¥)=1 and have
constructed quadrature formulas called automatic
quadrature scheme (AQS) based on Chebyshev
polynomial approximation of the first kind for two
cases: First case c€[),z] C[-1,1] and second case
¢€ [-1,1]. Error estimation is obtained in the class
of function L,[-1,1]. Numerical solutions of AQS
are compared with other methods and it is shown
that the developed method is dominant over other
methods and in line with theoretical findings.

38

Particularly, in Section 2, the mathematical concepts
of the first kind of Chebyshev polynomials and the
detail construction of automatic quadrature scheme
(AQS) for Eq. (1) are demonstrated. Convergence of
the suggested method in L,[-1,1] class is presented
in Section 3. Numerical examples with comparisons
with other methods are given in Section 4, followed
by Conclusion and Acknowledgement in Section 5.

PRELIMINARIES AND CONSTRUCTION
OF AQS FOR CAUCHY TYPE SINGULAR
INTEGRALS

Preliminaries

To understand the problem, let us recall the definition
of Cauchy integral. The concept of one-dimensional
Cauchy principal value integral (CPVI) is well
understood and widely used in applications.

Definition 1 (Monegato [4]): In the case of a bounded interval, the standard definition of CPV integral is

C.Pﬁ%dt=£i£t{}{f f} di, a<c<b

whenever this limit exists or an alternative, or equivalent definition of CPVI is as follows

CPfl (’)d b%c()dt+h(c)lnb;c

c—da

>

It is known that truncated Chebyshev series of the first kind is defined as

N

h(t)zPN(t)=;'aka(t), ~1sts],

where prime ' means first term is half and T'(7) = cos (jO), t = cos 6.

It is known that the coefficients a, in (3) are defined by imposing interpolation conditions and it has

exact form in the discrete case

J=

where double prime "

2’1
T s

N
3E"h cos—J cos ”k] ,0<sks=sN
N N N

>

means the first and last terms are halved and in continuous case

h(l)]}{(t
1— 2
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The nodes are chosen as the zeros of the polynomial w,, . (f) defined by

N+1

o, () =2-DU,, ()
j

which yields ¢, =cos(7),j =0...N and U/(f)=sin ((+1)@)/sin 6, ¢ = cos 6.

On the other hand, Tj(t) satisfies the following orthogonality property

1/2,i=j=0,
with three-term recurrence relations Mason and Handscomb ([28])
Tm (X) = Zme—l (X) - Tm—2 (X),l’l’l . 2’
To(x)=1, Tl(x)=x,
together with
d

ETm(x)=mUm—l (x)

where U, (x) is a Chebyshev polynomial of the second kind.
Construction of AQS for Cauchy Type Singular Integrals

Let us consider, the Cauchy type singular integrals on the variable intervals:

C(h,c,y,z)=l Ma’t, cE(—l,l), -l=sy<z=<l

adyit-c ]
and construct AQS for (10). To do this end we consider two cases:

Case 1: Let ¢€ [x,y] C [-1,1], then replacing / with truncated sum of Chebyshev polynomials P (%)
defined by (3), we obtain

C(he,y.z)= l[}Mdt+h(c)zi

T t-c yt—c
LR =Pi(e) i
_”f py dt+h(c){t—c +RN)r(h,c,y,z)

=QN(h,c,y,z)+RN (h,c,y,z),
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where R, (h,¢,y,2)=C(h,y,z,c)-Q,(h,y,z,¢) is error bound and

0, (hey.2) L pElIZBAD g oy

y

t-c t-c

= 1(c,y,z)+J2(c,y,z),

with

Let the function A(#) be approximated by a a, are computed by (4) or (5) depending on

truncated sum of the Chebyshev polynomials the existence of the integral. Evaluation of

of the first kind defined by (3) and coefficients J (c,),z) can be obtained by the method given in
Hasegawa [9]

BO-RLD) Sy

t

and using well known integration formula Mason and Handscomb ([28], pp. 32)

where

b b, b,
B, =Zl’ B, =%, k={L2,K N}, by =b,.,, -0

Evaluation of J,(c,,2) is straightforward

Jz(c,y,z) =%h(c)ln5:;

Substituting (16) and (18) into (12) yields

N

QN(h,c,y,z)=%[%ZBk [7:(2) =T, ()] h(e)n ==

= c=r],
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where coefficients B, are defined by (17).

To find the coefficients b, rewrite Eq. (14) in the form

It is known that

Using (21) and restructuring the right-hand side of (20), we arrive at
N 1 N

S (1()=11e)) =+ 3 (0.~ 1)+ 3 (b ~2eb, +b,, )1, 1)

=1

with b, = b, = 0 and relationship (22) is valid for any ¢ € [-1,1], particularly for ¢ = c gives

1 N

1
. Z(bk_1 —2¢b, +b,, )TL (c)+ E(bl —boc)]:) (c)
= .
Subtracting the zero term given by (23) on th right-hand side of (22), we obtain

1 N

gak(Tk (1)-T:(c)) - gg(bk,l —2ch, +bk+1)(Tk(t)_Tk(c)).

By equating both sides of (24), we arrive at three diagonal system of algebraic equation

b -2ch +b, =2a,, k=12,.N.
b, =b,., =0.

N+1

Double sweep method is used to find the the value of b= b= (c) then B, = B (c) can easily
coefficients b= 0,k = 0,K, N-1 in the backward computed through the (17) and approximate
direction with starting b,= b, = 0. Once we find  solutions of the problem is computed by (19).

Case 2: Let [),z]=[-1,1] and ¢ € (-1,1). In this case, density function A(¢) is approximated by the
truncated sum of Chebyshev series of the first kind defined by (3) and we obtain

1 1
—dt=lf dt+h(c)f dt
I-c T, I-c T Jl-c

Co(h.c)= _}
}IPN 0=P(c) . hle) . di

J p— — £t—c+RN(h’c)
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where
L p

)

P(e) ,,, hle) L di

Owo(h = f

T £I—C

ey e

Second integral in (27), can be easily integrated

lz(h,c)=Mm

1-¢
1+c¢

For the first integral in (27) we applied Hasegawa [9] approach, as well as used (14)-(15) to yield

Il(h,c)=l

fML]

E b2k

where coefficients b, are defined by (25).

1 1 1 N-1 1
—by [(15(1)d T (¢)d b, [T, (t)d
5 o_f o(1) ""bl_fl 1(1) t+kE=2 k_fl i (¢)dt

AQS is obtained by substituting Eq. (28) and (29) into (27)

[N+1]

| 2|
QNO(h ¢ i 2

JT

From (30), it follows that in the case of the
process of calculation is reduced by half of the
summation and it helps us to economize the
computational time.

ERROR ESTIMATION OF THE AQS
FOR CPSIS

In this section, the error estimation of the
proposed AQS is obtained in the different
classes of functions. Before proving the main
theorems, we need some preliminaries. The
following theorem shows that if 4(7) is a smooth
function, the truncated series of the Chebyshev
polynomials defined by (3) converges to /(?)
very rapidly as N goes towards infinity.

-1

Theorem 1: (Mason and Handscomb [28], pp
131]: If the function A(f) has m+1 continuous
derivatives on [-1,1] then |h(2)-P, (1)] = O(n™),
foralltE€[-1,1].

Theorem 2: (Mason and Handscomb [28]):
If A(x) is continuous and either of bounded
variation or satisfying a Dini-Lipschitz
condition on [-1,1], then its truncated series of
the Chebyshev polynomials of the first kind is
uniformly convergent

_w(é)—>0

3—0 4

where Wf(5)=x e[_?lll]}\)x_,\sg{|f(x)_f(y)’} is the

modulus of continuity of the function.
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Lemma 1: (Mason and Handscomb [28]): If p > 1, ¢ > 1 and 1/p+1/g=1 and if A(¢) is L, integrable
over the interval [-1,1] with the weight function p(¢), then

.U el = [0 o)) (fletor otenr)

Lemma 2: (Generalized Holder’s inequality), (Sobolev [29], pp.13): Let p(x) be a weight function
and 4 >1,i=1,2,3 with LI , then
A b A

1
4

ﬁu(x)v(x)h(x)p(x)dx

<[ putof st oo

Let residual term of given function /(f) be given
ey(t)=h(1)-P,(t

where P (f) be defined by (3).

(= gmax JB(0)-P (0]

Let us formulate the main theorem.

Theorem 3:Leti'eL, [-1,1] and P, (t) be the interpolating polynomial at the zeros of @, (1)=2(#*-1)
U, () defined by (6) Then the constructed AQS Q,,(h,c) defined by (30) converges to original
smgular integral C (h,c) defined by (26) in the sense of Lq norm

N—sowx

HRNO (h>c)||q =HC0(h,c)—QN0 (h,C)Hq 0

where 1<q<£. and p>p >1.
0

Proof: From the generalized Holder inequality (33), let p(x) =1 and

1 )4
A’l=q7 - >A3=p’= -
/p-1/q p-1

Due to (11), the error bound of R, (/,c) in (26) is estimated as follows:

’NO hc| ‘C hc QNO(h,c)‘=

Case 1: Let —c then

[Ryo (. ¢)| < es (1)

=2|n'(e)-P'y (1) =0

1
dt
J
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Case 2: For any C&(-1,1) , t # ¢ we have

IRy, (hc) =ﬁMdt

S a2 s

t-c

1 el Yp-lq [ ! p(1-a/q)
e* t Vp-Va dt . dt
|, c| 4“”‘ | )

I

1/p'

where e* (¢) = e, (1)-¢,(c) and

| | ' " Vp-liq ) »(1-afq)
N
{f - ] (ﬂ ‘ - l/th) [fl(V c|) dt]

Since 0 <a <1 and e* (¢) is a smooth function, then /,(c) exists as an improper integral, whereas
IL,(c) can be computed as

yp'

! Yp(1-p/q) -
* P * ||1=P/9
I (c)=(jl'eN(l)| dt) =le],
where 1 Vp
% * \P
eNp=(l(eN) )
1 . 1 _4g
For I,(c), we assume that 0 <—=a <1. Then since we have — > —
@ 1 e 11

g por ¢ p pr,

which yields P'(l -%) <1. Thus the integral /,(c) exists and bounded for all cE(-1,1), i.e.

A
A
[flr |] “Jier )
p'

Substituting 7 (c), ,(c) and I,(c) into (36) we obtain

Vq
1

ey (1) dr
[ |

=

(1-p/q) M

P pq

%
N

|RN(h,c)| <
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Raising both sides of (38) to the g-th power and integrating with respect to ¢, yields

1 1’
Ry[! = [|Ry (h.c) de= M |dtd
I N”q ﬂ W C)| c=Mpy, !1‘71 i~ ¢
* q
- M fl 0) dtf|t = =M, Bley .
~ dc
where B =max f | forachosen a. We obtain
_I|t—c|

R, = M, YB]ei ],

This completes the proof of the Theorem 3.

NUMERICAL EXPERIMENTS

In this section, we consider three examples and show that developed AQS is highly accurate and in
some cases gives the exact solution.

Example 1: Consider the following singular integral of Cauchy type

£-3+10

dt, ce(-1,1
. t,c( ,)

>

1!
Cyl(h,c)=—
(he)=1 1
The analytical solution of (40) is

Co(h.c) =%E + 2(02 +2C) (C -3¢ +10)lni+—z}

Difference between exact and approximate solution for different values of N (number of terms
in Chebyshev series) in the case of y=-1,z= land c&(-1,1) is given in Table 1.

Table 1: The case: c&(-1,1)

N=2 N=3 N=5 N=10

C Exact sol AQS (29) Abs Error Abs Error Abs Error Abs Error
-0.99 19.145 18.786 0.359 0.0 0.0 0.0
-0.79 6.801 6.669 0.132 0.0 0.0 0.0
-0.45 1.905 2.042 -0.136 0.0 0.0 0.0
-0.12 -0.893 -0.637 -0.256 0.0 0.0 0.0

0 -1.698 -1.432 -0.265 0.0 0.0 0.0
0.12 -2.429 -2.173 -0.256 0.0 0.0 0.0
0.45 -4.266 -4.130 -0.136 0.0 0.0 0.0
0.79 -6.841 -6.973 0.132 0.0 0.0 0.0
0.99 -14.553 -14.912 0.359 0.0 0.0 0.0
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Example 2: Consider the following singular integral of Cauchy type

0.89 .3
Golhe)=~ [ 22100 ce(-0.89,089)
T oz 1€

>

the exact solution of (42) is

2:(089) 1.78-(c? +2¢)+ (¢ +2¢* - 1)In 089 -c

0.89+c

Numerical results of exact solution (43) and residual of AQS are presented in Table 2.1 and 2.2
for different value of singular points ¢&(-0.89,0.89) and ¢€(-1,-0.89)U(0.89,1)

Table 2.1: The case ¢c&(-0.89,0.89)

N=2 N=2 N=3 N=5 N=10
Exact (41) AQS (18) Error term  Error term Error term  Error term

-0.889 11.038 10.866 0.172 0.0 0.0 0.0
-0.789 7.641 7.563 0.077 0.0 0.0 0.0
-0.489 2.570 2.710 -0.140 0.0 0.0 0.0
-0.189 -0.239 0.016 -0.255 0.0 0.0 0.0

0 -1.550 -1.275 -0.275 0.0 0.0 0.0
0.189 -2.683 -2.428 -0.255 0.0 0.0 0.0
0.489 -4.401 -4.261 -0.140 0.0 0.0 0.0
0.789 -6.815 -6.892 0.077 0.0 0.0 0.0
0.889 -8.431 -8.604 0.172 0.0 0.0 0.0

Table 2.2: The case c&(-1,-0.89)U(0.89,1)

N=2 N=2 N=3 N=5 N=10
¢ Exact (41) AQS (18) Abs Error Abs Error Abs Error  Abs Error
-0.998 29.771 29.482 0.289 0.0 0.0 0.0
-0.958 15.836 15.592 0.245 0.0 0.0 0.0
-0.918 12.570 12.368 0.202 0.0 0.0 0.0
-0.899 11.520 11.338 0.183 0.0 0.0 0.0
0.889 -8.431 -8.604 0.172 0.0 0.0 0.0
0918 -9.189 -9.391 0.202 0.0 0.0 0.0
0.958 -10.867 -11.112 0.245 0.0 0.0 0.0
0.998 -18.578 -18.867 0.289 0.0 0.0 0.0
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Example 3: Comparisons AQS with other methods. Consider the following singular integral of

Cauchy type
1

Co(hac)=l

ﬂ_l(tz + az)(t —c)

dt, c€(-1,1),a = {1,1,1}

4°8

Exact solution of SIs (44) with ¢&(-1,1) for any a€R is given by

.7[02+a2

Co(h,c)= — [—%tan'l (é) +

ml‘—c].

l+c

Numerical results of exact solution and residual of AQS are presented in Table 3.1-3.2 for

different value of singular points c&(-1,1).

Table 3.1: Proposed AQS in the case of c&(-1,1), a=1.

c Exact Abs Error, N=5  Abs Error, N=10 Abs Error, N=15  Abs Error, N=17
0.2 -0.220 0.007792390 0.000231468 0.000000039 0.000000211
0.5 -0.480 0.001358745 0.000226799 0.000001143 0.000000036
0.95 -0.863 0.003680672 0.000212502 0.000000614 0.000000047

Table 3.2: Comparisons developed AQS and developed method in [9]
at three values of c&(-1,1) and a=1.

c Exact  Abs Error of AQS N=17 AQS (Hasegava [9]) N=22
0.2 -0.2707 2x107=0.000000211 1x10-¥=0.00000001
0.5 -0.4798 3x107=0.000000036 1x10%=0.00000001
0.95 -0.8626 4x10%=0.000000047 1x10°=0.000000001

Table 3.1 shows the error of AQS when
number of nodes N increases. In Table 3.2, shows
the comparisons between AQS and the proposed
method in [9]. We are not able to run our codes
in MATLAB for N=22 because we lack a high-
performance computer for such computational
complexity. From Table 3.2 we can conclude
that the proposed AQS is comparable with the
method developed in [9].

CONCLUSION

In this paper, we have constructed automatic
quadrature schemes based on truncated series
of Chebyshev polynomials of the first kind,
for the simple weighted singular integrals on
the variable interval [y,z] € [-1,1]. We have
also found theformulas for unknown discrete
coefficients b, by the use of three-term relations

and front conditions. Additionally, the error
estimate of AQS was obtained in the class L,
[-1,1]. Numerical examples demonstrated the
validity and accuracy of the methods and it is in
line of theoretical findings.

CONFLICTS OF INTEREST

The authors declare there are no competing
interests.

ACKNOWLEDGEMENTS

This work is part of a research project, UMT/
CRIM/2-2/2/14 J1d. 4(44), Project code: TAPE-
RG-55233. The authors are grateful for the
support of the work by the Research Grant
Scheme, Universiti Malaysia Terengganu and
National University of Uzbekistan, project code:
OT-F4-28.

Journal of Mathematical Sciences and Informatics, Volume 2 Number 1, June 2022, 37-50



Z.K. Eshkuvatov et al.

REFERENCES

(1]

(2]

(3]

(4]

(3]

(6]

[7]

(8]

(9]

Stewart, C. E. (1960). On the numerical
evaluation of singular integrals of Cauchy
type. J. Soc. Ind. Appl. Math, 8(2), 342-
353.

D. F. Paget & D. Elliott. (1972). An
algorithm for the numerical evaluation of
certain Cauchy principal value integrals.
Numerische Mathematik, 19, 373-385.

M. M. Chawla & T. R. Ramakrishnan.
(1974). Modified gauss-jacobi quadrature
formulas for the numerical evaluation
of cauchy type singular integrals. BIT7,
14(1), 14-21.

loakimidis, N. I., & Theocaris, P. S.
(1977). On the numerical evaluation of
cauchy principal value integrals. Rev.
Roumaine Sci. Tech. S’er. M'ec. Appl, 22,
803-818.

G. Monegato. (1984). Convergence
of product formulas for the numerical
evaluation of certain two-dimensional
cauchy principal value integrals.
Numerische Mathematik, 43, 161-173.

T. Hasegawa & T. Torii. (1991). An
automatic  quadrature for  Cauchy
principal value integrals. Mathematics of
Computation, 56(194), 741-754.

T. Hasegawa & T. Torii. (1987). Indefinite
integration of oscillatory functions by the
Chebyshev series expansion: Journal of

Computational and Applied Mathematics,
17,21-29.

T. Hasegawa, T. Torii, & H. Suguira.
(1990). An algorithm based on the FFT for
the generalized Chebyshev interpolation.
Mathematics of Computation, 54(189),
195-210.

Boykov, 1. V. (2001). Numerical
methods of computation of singular and
hypersingular integrals. International

Journal of  Mathematics and
Mathematical Sciences, 28(3), 127-79.

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

48

T. Hasegawa & H. Suguira. (2007).
Quadrature rule for indefinite integral
of algebraic-logarithmic singular
integrands. Journal of Computational
and Applied Mathematics, 205(1), 487-
496.

Z. K. Eskhuvatov, N. M. A Nik Long
& M. Abdulkawi. (2009). Quadrature
formula for approximating the singular
integral of Cauchy type with unbounded
weight function on the edges. Journal of
Computational and Applied Mathematics,
233, 334-345.

Z. K. Eskhuvatov, A. Ahmedov, N. M.
A. Nik Long & N. J. Amalina. (2011).
Approximating cauchy type singular
integral by an automatic quadrature
scheme. Journal of Computational and
Applied Mathematics, 235(16), 4675-
4686.

Kh. M. Shadimetov, A. R. Hayotov,
& D. M. Akhmedov. (2015). Optimal
quadrature formulas for Cauchy type
singular integrals in Sobolev space.
Applied Mathematics and Computation,
263,302-314.

T. T. Nhan. (2017). Simple method for
evaluating singular integrals. American
Journal of Computational Mathematics,
7(4), 444-450.

D. M. Akhmedov, A. R. Hayotov & Kh.M.
Shadimetov. (2018). Optimal quadrature
formulas with derivatives for cauchy type
singular integrals. Applied Mathematics
and Computation, 317, 150-159.

H. R. Kutt. (1975). On the numerical
evaluation of  finite-part integrals
involving an algebraic singularity (CSIR
Special Rept. WISK 179). National
Research Institute for Mathematical
Sciences, Pretoria.

N. 1. Joakimidis. (1983). On the
numerical evaluation of a class of finite-
part integrals. ZAMM, 63, 572- 574.

Journal of Mathematical Sciences and Informatics, Volume 2 Number 1, June 2022, 37-50



AUTOMATIC QUADRATURE SCHEME FOR CAUCHY TYPE SINGULAR INTEGRAL ON THE VARIABLE INTERVAL 49

[18]

[19]

(20]

(21]

[22]

(23]

(24]

P. A. Martin. (1992). Exact solution of a
simple hypersingular integral equation.
Journal Integral Equations Applications,
4(2), 197-204.

G. Monegato. (1994). Numerical
evaluation of hypersingular integrals.
Journal of Computational and Applied
Mathematics, 50(1-3), 9-31.

P. A. Martin & F. J. Rizzo. (1996).
Hypersingular integrals: how smooth
must the density be? International
Journal for Numerical Methods in
Engineering, 39, 687-704.

C. Y. Hui & D. Shia. (1999). Evaluation
of hypersingular integrals using Gaussian
Quadrature. International Journal for
Numerical Methods in Engineering,

44(2), 205-214.

. V.Boykov, E.S. Ventsel & A. 1. Boykova.
(2009). Accuracy optimal methods
for evaluating hypersingular integrals.
Applied Numerical Mathematics, 59(6),
1366-1385.

Bichi S. L., Eshkuvatov Z. K., & Nik
Long N. M. A. (2014). An automatic
quadrature schemes and error estimates
for semibounded weighted hadamard
type hypersingular integrals. Abstract
and Applied Analysis, 2014, 1-13, Article
ID 387246.

S. J. Obaiys, Z. K. Eshkuvatov, & N. M.
A. Nik Long. (2013). On error estimation
of automatic quadrature scheme for
the evaluation of Hadamard integral of
second order singularity. UPB Scientific
Bulletin. Series A: Applied Mathematics
and Physics, 75(1), 85-98.

[25]

[26]

(27]

(28]

[29]

[30]

Obaiys, S. J., Ibrahim, R. W., & Ahmad,
A. F. (2019). Hypersingular integrals
in integral equations and inequalities:
Fundamental review study. In Dorin
Andrica & Themistocles M. Rassias (ed.),
Differential and Integral Inequalities (pp.
687-717). Springer.

Chai H., Bao Y., & Zhang Zh. (2021).
Numerical solutions of hypersingular
integral equations for interface circular
crack under axisymmetric loadings author
links open overlay panel. Engineering
Analysis with Boundary Elements, 122,
35-42.

Akhmedov, D. M., & Shadimetov,
Kh. M. (2021). Optimal quadrature
formulas with derivative for Hadamard
type singular integrals. AIP Conference
Proceedings, 2365(1), 020020.
DOI:10.1063/5.0057124.

J. C. Mason & D. C. Handscomb. (2003).
Chebyshev polynomials. CRC Press LLC.

S. L. Sobolev. (1988). Some applications
of functional analysis to Mathematical
Physics. Moscow: Nauka, (in Russian)

N. R. F. Elfakhakhre, N. M. A. Nik Long
& Z. K. Eshkuvatov. (2017). Stress
intensity factor for multiple cracks in
half plane elasticity. AIP Conference
Proceedings, 1795, Article number
020010, 2nd International Conference
and Workshop on Mathematical Analysis
2016.

Journal of Mathematical Sciences and Informatics, Volume 2 Number 1, June 2022, 37-50






