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This article is devoted to the construction and study of the exponential
stability of an explicit upwind difference scheme for a mixed problem for
the linear system of the Saint Venant equation. For the numerical solution
of the mixed problem for the linear system of the Saint Venant equation, an
explicit upwind difference scheme is constructed. For a numerical solution,
a discrete Lyapunov function is constructed and an a priori estimate for it is
obtained. On the basis of the discrete Lyapunov function, the exponential
stability of the numerical solution of the initial-boundary-value difference
problem of the mixed problem for the linear system of the Saint Venant
equation is proved. A theorem on the exponential stability of the numerical
solution of the initial-boundary-value difference problem is proved. The
behavior of the discrete Lyapunov function is numerically investigated
depending on the algebraic condition of exponential stability of the
numerical solution of the mixed problem. The results of the theorem on the
exponential stability of the numerical solution are confirmed by a specific
example of an open channel flow problem.
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INTRODUCTION

It is known that the behavior of water in rivers,
lakes, oceans, as well as in small bodies is
described by the Saint-Venant equations [1].
The Saint-Venant equations are a system of
hyperbolic partial differential equations that
describe flows below the surface of a fluid.

The one-dimensional theory of unsteady
flows without discontinuities, i.e., flows that
are not accompanied by the formation of
discontinuous waves, can be considered the
most developed today (including the problem
of natural flooding). The main direction of
research in the field of calculating unsteady
motion described by the Saint-Venant equations
is the development of methods for numerical
calculation that are convenient when using
computer technology. An important point in

the construction of a numerical solution to the
Saint-Venant equations is the stability of the
difference scheme. The equations considered in
the paper are differential equations of hyperbolic
type, which does not always ensure the absolute
stability of the method. The solution of these
issues was and remains one of the crucial tasks.

The purpose of this work is to develop
and prove the stability of an explicit difference
scheme for determining the numerical solution
of a mixed problem for the system of the Saint-
Venant equations. In this paper, we use the
Lyapunov method to study the exponential
stability of the solution of the nonhomogeneous
Saint-Venant equations with arbitrary friction
and a slope that changes in space. The advantage
is that when using this method, you only need
to measure the value of the desired functions at
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the boundary, which is much easier for practical
implementations.

Currently, various methods for solving the
Saint-Venant equations have been developed,
such as the method of characteristics, the method
of grids, the Lyapunov quadratic function
method, the variational method, etc. In [2] for
solving one-dimensional equations of unsteady
motion in open canals, an implicit difference grid
scheme was developed that allows calculations
to be performed with a large time step. It was
especially important for calculating floods in
large rivers, when the duration of the calculated
process took quite a long time. However, there is
no description of the algorithm and justification
of the finite difference method itself.

The study by [3] is devoted to exponential
stability of non-linear Saint-Venant equations
in differential form. An explicit quadratic
Lyapunov function is constructed, and the local
exponential stability is proved. In the book [4],
the theory of symmetric hyperbolic system
is described. Particularly, in the case of two
spatial and one temporal variables, the existence
theorem of a dissipative mixed problem is
stated. Numerical calculations of simple models
are given as examples.

The monograph [5] is devoted to the
study of mixed problems for one-dimensional
hyperbolic systems in canonical form. Lyapunov
stability is established in various functional
spaces, in particular, many practical models are
considered. However, the problems of numerical
solution for mixed problems are not considered.

In [6] for telegraph equation, the discrete
Lyapunov function is constructed and its
decreasing is proved. Using such approach
to the Saint-Venant equations is due to the
difficulties that require additional research. For
two-dimensional hyperbolic equations with
dissipative boundary conditions, the exponential
stability of the solution is established by the
Lyapunov function method in [7]. Whereas, in
[8] algebraic conditions for exponential stability
of'the solution of mixed problems of linear Saint-
Venant equations are obtained. The discussion
of numerical solution is not considered.

60

Forone-dimensional quasi-linear hyperbolic
systems, problems with dissipative boundary
conditions that guarantee exponential stability
of classical solutions are considered in [9].
There are no studies on numerical calculations.
In [10], the second kind Volterra transformation
and reversible Fredholm transformation optimal
management problems for general linear
hyperbolic systems are investigated.

Note that in the works [3, 5, 7-10] we study
the issues related to the theoretical aspects of
the solvability and stability of mixed problems
for hyperbolic systems and the issues of
constructing numerical solutions and the stability
of difference schemes are not considered. It is
crucial to consider the numerical calculation of
mixed problems for hyperbolic systems due to
the fact that the dimension of the linear algebraic
equations system increases with increasing
dimension of the considered area. This leads to
an unreasonably large amount of computing and
requires the involvement of high-performance
computing equipment.

In [11] the use of various difference grids
(rectilinear and curved) for the numerical
calculation of linear partial differential
equations is shown. The study does not consider
the problems of the Saint-Venant equations,
this is apparently due to the nonlinearity of the
equation.

The discretization of equations describing
the unsteady flow of a viscous incompressible
fluid is considered in [12], employing the finite
difference method and the splitting scheme
by physical factors on a rectangular non-
uniform grid with a staggered arrangement of
nodes. However, there is no justification for
the convergence and stability of the difference
scheme.

In [13], the authors proposed a class of
difference schemes for hyperbolic systems of
equations that have several forms of notation.
The stability of the proposed difference schemes
is investigated using the technique of energy
integrals. However, their application to the study
of exponential stability is a rather difficult task.

The work [14] is devoted to the study of
initial boundary value problems for a class
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of three-dimensional quasi-linear hyperbolic
systems. An a priori estimate of the problem
solution by means of the energy integral method
is obtained. The problems of the numerical
solution and its stability have not been studied.
A linear initial-boundary value problem of the
dynamics of fluid-saturated porous media,
described by three elastic parameters in a
reversible hydrodynamic approximation, is
solved numerically in [15]. The issue of the
computational model adequacy remains open.

In [16], a problem for the Saint-Venant-
Exner equation (SVE), which describes the
dynamics of water in a canal filled with
sediments with arbitrary values of the canal
bottom slope, friction, porosity, as well as
the interaction of water and sediment under
subcritical or supercritical flow regime is
considered. However, this is the subject of
further research. We consider the case of a canal
without sediment.

where

The book [17] is devoted to the solution
methods of high order algebraic systems,
which appear when using the grid method to
the problems of mathematical physics. Along
with iterative methods, which are most widely
used in computational practice in solving these
problems, direct methods are also described.
Here we upwind explicit difference scheme in
relation to the Saint-Venant equations.

According to [3], we will consider a
hyperbolic system with variable coefficients and
with lower-order terms
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where y,(£,x), y,(,x) are unknown functions to be
determined; H(t,x) = H*(x), V(¢,x) = V*(x) are the
stationary solution of the system of Saint-Venant
equations and H(z,x) is the water depth, V{(z.x)
is the horizontal water velocity functions of two
variables which is unknown to be determined.
The slope C(e)EC?([0,L]) is the channel bottom
slope, g is the constant gravity acceleration and k&
is a constant friction coefficient. For a description
and meaning of other parameters, see [3].

DIFFERENCE SPLITTING SCHEME

We will build a difference grid in area G = {(,x):
0<t<T 0<x<L} with steps 4t in the direction
¢t and Ax in the direction x. The nodal points of
the difference mesh (meaning the intersection of

(Zz)}F = (}’z)j
{(}’1)K+1 (Zl)]
(}’Z)KH = (ZZ)j

Boundary conditions (2) are approximated
in the following way,

i(yl)ﬁ =5(y2)0,

=T e i
O =r)"

(6)

Initial conditions (3) are approximated as
follows,

{@1), (}’10)]
(}’2) —(}’20),

Suppose that the steps of the difference
grid satisfy the Courant-Friedrichs-Levy (CFL)
condition,

=0,..,J. (7

x| < 1

1<j<)

®)

Now let us investigate the question of
the stability of the numerical solution for the
difference problem (4) - (7). First, we give the
definition of the exponential stability of the
numerical solution for this difference problem.

(21)','c = 0’1)’c (/11)1 T [(}’1)1 (}’1)?-1]:]. =1../5
- (/‘Lz)jﬂ[(}’z)j - ()’z)ﬁl]'j =

Ataj(z)f_1,) =1, ... ];
Aty () 11) = 0, .

62

straight lines ¢ = #*ZxAt and x = x = jAx) are
denoted by (7, xj). The set of nodal points of the
difference grid is denoted by G,, where

G = {(tx):x=0, ...

>K’:j:0> s 7‘”

and the values of the numerical solution at the
nodal points are denoted by

), =y, (t5x),i=1,2k=0,.. ,K;j=0,...J.

We select the steps of the difference grid 4¢,
Ax in such a way that the equalities KA¢=T and
JAx=L.

To find a numerical solution for the mixed
problem of equations (1) — (3) over the difference
grid G,, we propose the following upwind
difference splitting scheme for the lower terms

K
0,...]—1; (4)

J=1 4)

Definition 2.1: The solution to the difference
scheme (4) (5) satisfying the boundary
conditions (6) is called exponentially stable, if
there are positive constants # > 0 and ¢ > 0 such
that for any initial condition ((y, )j )= ((ylo)j,
05, ye LX {x}/=0,..J; R?), the solution of the
difference initial-boundary value problem (4) -
(7) satisfies the inequality

J J-1 J J-1
ax Y [o05] + ax Y [0 < cemx {AXZ[(W,]’ + AxZ[(m),]z},K 1.k
Jj=1 Jj=0 Jj=1 Jj=0

where L*( {x}/=0,..J; R?) is a discrete space L?,
the norm in which is determined by the equality

[ P j

and the norm is limited.

J J-1

Z[(Jﬁo) ] +AXZ[(}’20) ]

Jj=1

Consider the difference boundary value problems
(4) - (6) with a stationary solution

¥\ o
y]_<[y2]1> 0,k=0,..,K;j=0,...,].
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In order to prove the exponential stability of the difference initial-boundary value problem (4) -
(7), we propose the following function as a candidate for the discrete Lyapunov function

V(Kkd) =V =VE+VE UKL = U* = UF + Uk,
where

VE 2 ax S A () [o05]] eXp< G, )
VE & ax 5128 £ () 0)5] exp ((A) ) )

UF & Ax ¥ 1f1(x1)[(21)] eXp( A, )

Us iAxZ] (1]f2(x])[(22) ] €xp ((/1) xj) (10)

a parameter 1> 0 and two functions f,EC" ([0,L];(0,+)), ,EC'([0,L];(0,+00)), are to be determined.

Lemma 2.1: Let the conditions of Theorem 2.1 be satisfied. Then the following inequality holds:

J

exp( (A) >{[(}’1)1 1] _[(yl)ﬂz}
= (11)

Proof: Let us denote by (p,) the Courant numbers (4, ja == for the first difference equation of system
(4). Then the first difference equation of system (4) takes the form:

(21)7 = (Jﬁ)}? - (P1)1'[(J71)}F - (%)?—1]:]' =1..,k=0,.,K-1

Taking into account this form of writing the first difference equation of system (4), we obtain
the following expression for l—Vl

J
A il 3
At _E;fl(xj)[(zl)i] = <_(’1_1)1'xj)
Ax 4 .
‘E; fi(x)[f] exp (‘W)
- %Z§=1 fl(xj) {[(zl)l'?]z _ [(J’l)ﬂz} exp (_ f);x]')'

In this equality, instead of (zl)j'f we substitute its value from the first difference equation of

System (4),
Uy — ]/] Ax (}’1) (P]) (}’1) ()’1) 1 U
J% 1( 1){< [( 1) ] l[ J = ]) }exp( (3_))‘:]>
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Let us simplify the expression inside the curly braces
= () — Q[0 — G - (o]
= [005]” = 2000, 005D = B)fi]
oo 1 (0031 - 2000505 + [05a]) - [005]°
= =200 [f]" + 200) ;S 1)
e [o05] = 2l 005 + [ [05a]”

According to the CFL condition, we have

At
(p1); < —max|(1),] < 1
1sjs]

whence it follows that the inequality 1 - (p,),> 0. Consequently, the inequality (p, )1 -
Using the algebraic inequality 2ab < a*+b*, we will get

=~ [0 + [, 051" = G, [)5]°
+(o0; (005 = [0 To05] + ([0 ]”
[ Lo + [0 Flosa]

= (oo, {[o0]” - (o]}

Thus, for the expression Y, from above, we have the estimate

% < (0 {[o05a]” - 03]}

Then for the finite-difference relation =" the following inequality holds,
At

UE-vE
T Zfl("l)ye"p( (O] 1)
J

Z x])(pl)]-exp( o, ){[(yl), J =101}

=1

J
Z (x])(/h)]exp( G, ){[(yl)J I = lo0T)

or

[

oo (= g {008 = [0

The proof of Lemma 2.1 is complete. This Lemma 2.1 implies the following Lemma 2.2.
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Lemma 2.2: Let the conditions of Theorem 2.1 be satisfied. Then the following inequality holds:

Uy —vf
< @0l 0P - (a0 ()]

J
+;[(fll1)j—1 - (flll)j] exp< ), x] 1) [()’1)}]

—txp B ()] )" I [eXp (_ Aﬁlx)]f'
(12)

Proof: Let us introduce the notation
(91)] fl(x])(ll)] eXp( (l ) )

Now by Lemma 2.1 with accuracy O(4x), we have the inequality

J

Ur — VK

: At -< 2(91)1'—1 {[(Yl)?ﬂ]z - [(yl)ﬂz}'
j=1

We use the difference distinction formula

(901 {05 - [05]7)

= {901 [051]” = @O0} ~ [(92)j=1 — (][]’

Then, according to this formula for difference distinction, we have
J
> @0 {[o05]" - 005}
j=1

J
= > {{@losal” - @ o051} - [ - @ NoT’).

j=1

We will divide this sum into two parts and study each part separately,

J
> {{@0saloni]” = @ne0} - (s - @ollons])

-
=

=3 {00 005]” = @]} + Bl @021 - (] [o5] a3

Summing up the first part of the right-hand side of this equality, we obtain

J
D (@0 [00] = 00,0051} = @0ol 6081 - (o), (03]

=

We pass to the transformation of the second part of the right side of equality (13)
J

Z[(Ql)]—1 - (gl)}'] [0’1)3‘]2

Sl

Jj-1

- [flll exp (— %x)]]} [(}’1)}‘]2-
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According to the formula for difference distinction of the product, we have

[t (-52)] - [rtem(-5)]

. [(flﬂ-l)j—l - (f1/11)j] exp (‘ mxjﬂ)

gz, flom (-] ~[e (-]}

Let us make some transformation of the second term of this equality,

e (5], ~lew (55

= {1 — [e;p (/%x)]] [exp (_}%x>]j—1

_ ll[(x)j(/11)j—1 - (x)j—1(/11)j] u
= {1 exp ), ), } [e"p (_A_x)]

-1

e (+22)]

J

|
_H _# 2
Ax ), [exp( p x)]j + 0(4x%?).
Then from (13) with accuracy we obtain the following equality

J
> ({gsalonga]” = @051} - [ - @ llo05AT")

=

J
= (9ol — (91)][(}’1)7]2 + ;[(flll)j = (fl;{l)j—l] exp( G0 x] 1) [(}’1) ]

J
—axp Y (,[05T [exp (- )] -
S oo ewl(-)
Hence, this gives inequality (12).
Lemma 2.3: Let the conditions of Theorem 2.1 be satisfied. Then the following inequality holds:
J-1
z < Z fz(xj)(lz)j €Xp (%)jxj) {[(}’2)}11]2 - [@2)7]2}
j=0

The proof of Lemma 2.3 is similar to the proof of Lemma 2.1. For this reason, we omit the
proofs of Lemma 2.3.

Uy —
A

Lemma 2.4: Let the conditions of Theorem 2.1 be satisfied. Then the following inequality holds:

Y < (|05 = (@200l 02)5T2
_Z[(lelz)jﬂ - (lez)j] [exp <f—ZX)] . [(YZ);‘C+1]2
j=0 Jj+1
14
—Axu Zf;(l) 2);‘[()’2)3&1]2 [exp (/%x)]} (14
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Here

(92)1 fZ(x])(AZ)]eXp<(A) )

The proof of Lemma 2.4 is similar to the proof of Lemma 2.2. For this reason, we omit the
proofs of Lemma 2.4.

Lemma 2.5: Let the conditions of Theorem 2.1 be satisfied. Then, with accuracy O(At), the
following equality holds:

viti_yk

= —24x Z§_1 a;f1 (%) (21) (2,5 (16)

Proof. For i__—Ux U we get the following expression
At

Kk+1
Vi

J
—Ur A :
- A—:Z AE)[00F] exp (_%),-x")
Jj=1

J
Ax 2 u
_E;fl(xj)[(zl)j] exp<—(l—1)]_xj)
J
= A K+112 K12 U
_E;fl(xl) {[(Y1)1' 1] - [(Zl)j] }EXP(—mxj).

2
In this equality, instead of [(¥1)§**]", we substitute its value from the first difference equation

of system (5),
K+1
Vit —uy Ul _ Zfl ]){ (z0)f ]Ata,(zZ), 1) }exp<_ (ﬁ)_}q)
J

Given the obvious equality

(2 — Ata;(2)%_1)" = [(@)5]” = [05])” — 24ta;(20) (2)5s

—(A02(a)*[Z%]” — (@5 = —24ta;(2) ()51 + 0((AD)?)

. K+1_ K .
for the expression '™ =UT  we obtain
at

Vk.'+1 _ UK
% Zfl(xl){ 24t0;(2)) ()1 + 0((4D)} exp< @, )j >
K K a
= Ax;fl(xj){—z%-(zl)i (#2)fy + 04D} exp (_@x’)
J

~ —ZAXZ Cljf;[(xj)(zl);‘c(zz)}c—l'

=1
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K+1 K
1 —Us

Thus, with accuracy O(4¢), equality (16) is true for the expression
proved. Similarly, one can prove the following lemmas.

. Lemma 2.5 is

Lemma 2.6: Let the conditions of Theorem 2.1 be satisfied. Then, with accuracy O(At), the
following inequality holds:

viti_yk

" —2Ax Zf;(l) bjfz(xj)(zl)?ﬂ(zz)?'
(17)

Lemma 2.7: Let the conditions of Theorem 2.1 be satisfied. Then, with accuracy O(At+4x), the
following inequality holds:

VK+1

T < (9ol = (90, [0)]°

J
—Z[(f1l1)j—1 - (f1/11)j] exp (‘ #%‘—1) [@1)}9]2
= 1)j-1

J
K]? _k
_Axu;(fl)j[(yl),] [exe (-]
—2Ax Z§=1a]-fl(xj)(zl)’j‘(zz)}‘_l. (18)
Proof. Indeed, taking into account equalities (13) and (16), we have

VI VI VI - UFHUE-VE VI - U UF - VF

At At At At
< (9ol GE = (90),[0)%]

]
—Z[(f1/11)j—1— (f1/11)j] exp( (/1) x] 1> [0’1) ]

J

—Aqu(fl) (o) [exp(——x)] ~28x ) 0)fi () @) @)

j=1

This finishes the proof of the Lemma 2.7.

In a similar way we can prove the following lemmas.

Lemma 2.8: Let the conditions of Theorem 2.1 be satisfied. Then, with accuracy O(At+4x), the
following inequality holds:

1_yk
2~V

< (92),[6)%]" = (92)o[(7)51?
J-1

_Z[(lelz)jﬂ - (lelz)j] [exp (/,111_2 x)] [(h)ﬂz

j=0 j+1

—Axﬂjz_f(fz)j[(h)ﬂz [exp (f_zx)] ,
j=0 '

_ (19)
—24x Z;J] b;f>(x;) (21)7+1(22)]
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Lemma 2.9: Let the conditions of Theorem 2.1 be satisfied. Then, with accuracy O(At+4x), the
following inequality holds

VK+1 K

Q= < (g0ol)E1* — (91)1[0’1)]] + (gz)][@z)']c] (92)0[(¥2)61?

J
+Z (f1/11)j - (f1)11)j—1] exp< G- xj 1) [(J’1) ]
=

,_.

j+1

Z (o)jos = Gato)][exp (3-x)] o]’
Jj=0
— 2 B 08T [exo (- fx)]j
J-1 ]
—AquQ‘z)/‘[O’z)ﬂz [exp (;—zx)] e ZAxZ a;fy (xj)(lﬂf (Z2)5-4
=0 J j

Jj=1

—28x £]2 b fo(%) (@) 11 (). (20)

Proof. Indeed, taking into account equalities (18) and (19), we have

VK+1 —yx _ (V1K+1 + V2K+1) _ (Vllc + VZK) _ V1K+1 _ VIK N V2K+1 _ VZK
At At At At

< (9ol W1 = (g, [ow)]°
J
[ = (hid)ya]exp <—ﬁx,) [0
j=1 =
J J
~aey T [exp (< 1x)| 280 ) aifiC) @@
j=1 J j=1
J-1

O] = @el02)8] Z[(mz),+1 )] [exo (£x)| [T’
j+1

_AxﬂZ(fz) [(yz)J] [exp (/{l—z )] - ZAbejfz(xj)(zl)}-‘H(zz)}‘
j=o

< (9ol E12 = (), [05]) + (92, [02)5] = (@200l (32K

+]Z=;[(f1/11)j - (fﬂl)j—l] exp( A, ) x] 1) [(}ﬁ);]
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—Zf;(l,[(fz/lz)jﬂ - (lelz)j] [exp (;_Zx)]jﬂ [(}’z)ﬂz

] J-1
~axu ) (s o] exp (~ 1 2)| - am ) (105 |exe ()|
j=1 J j=0 J
] J-1
—2sz 0, () (20)(z)", — 24 z by () (20) 512 (2"
j=1 j=0

Lemma 2.9 is proved.

It is easy to verify that, with accuracy O(4t+4x), the following inequality holds:

Vrc+1 — VK
At

J
{0 e (- g 00T - ) s (i [}

=y exp (- 553 ) [005] + o)y exp (G537 ) (0]
—AX'Z;: J j
@

< —uve

+2[wfug) e (o) + A G exw ()| 05 0

Here we have used the notation and, with precision O(4x) equalities

]

= f1(x1)(ﬂ1)] €xp <_Lx]> [(}’1)';]2 - f1(xo)(/11)0[(J’1)7]2;
(A1)

2 o) e () o3

0

= fZ(x])(AZ)] €Xp ((/1 ) x]) [(}’2)]] - fz(xo)(lz)o[(%) ]

3) f(x + 4x) = f(x;) + Axf (%) + 04x?) ~ f(x;) + Axf (x;),

PR B

) f(x; — Ax) = f(x;) — 4xf (%) + 0(4x?) ~ (%) — Axf (x;),

) = f(x) —/‘:Ex,- —Ax).
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Thus, we have the inequality

yK+i_yk

At S _HVK + 12 - 11, (22)
where
" J
{0 e (- a3 ) 00T = ) o0 (- ) (03T |
0
J [=(fir)«]} exp( (/1) x]>[(J’1) ] + [(f222)x]j exp ((A) xj) [(}’2)] 1]
If = Ax

J=11+2 [ajfl(xj)exp< ), x]) +bf2(x])exp <(/1 ), )] (r1)f 2)j-1

In work [3], it is shown that there are functions f, and /, as well as a parameter i/, such that for all
pE(O,u 1, the quadratic form of /| is positive for all £ =0,...,K. In addition, there is a 0<u,<u,, such
that for any 4&(0.u,] the quadratic form Izk is negative for all K =0,...,K. Therefore, from inequality
(22), we obtain

K+1_ykK
< v (23)

Theorem 2.1: Let T > 0 and the discrete Lyapunov function is determined using the formula
(9-10). If the steps of the difference grid satisfy the CFL condition (8) and the parameters of the
boundary conditions (2), b, b, obey the inequality

g v*(0) g V(L)
bo € - (V*(O) H* (o)) b, € R\ v’ Bl

24

then the numerical solution yjk of the difference initial-boundary value problem (1) - (4) is
exponentially stable in the L*-norm.

To prove Theorem 2.1, we use lemmas 2.1-2.9.

Proof of the theorem 2.1. Let the conditions of Theorem 2.1. be satisfied, then recursively
applying inequality (23), we obtain the following inequality

Ve < (1 = Atp) Y0 < e HALIHDYO0 = g=hlct1y0 e = 0, ..., N — 1.

We denote

Cz—max{maxfl( )exp( (/11)'x> ohax 1fz( )exp< 1) ;)},
j 2)j

Journal of Mathematical Sciences and Informatics, Volume 1 Number 1, December 2021, 59-76



R. Aloev et al.

72

Then
J J-1 J J-1
C,x {Z[(yl)?]2 + Z[(yz);?]z] < VX < Cydx {Z[(yl);‘]2 + Z[(yz);?]z], Kk=1,..,N;
j=1 j=o0 j=1 j=o0
] J-1
CAx {Z[(yl)f]2 + Z[(yz)ﬂz} < V* < e Hiy0
=1 j=0
J J-1
< Cre Mk {Z[O’l)?]z + Z[(yz);’]z},x =1,..,N.
= =0
Therefore
J J-1
2 2
23 [ + ) (05
j=1 j=0
J J-1
< Ce™HeAx Z[()’m)j]z + Z[()’zo)j]z Jk=1,..,N;C=C/Cy.
=1 =0
Thus, the last inequality means the

exponential stability of the numerical solution of
the yj" of the mixed problem is in the L?-norm.
And we have proved the theorem 2.1.

NUMERICAL EXAMPLE

We consider a pool of a prismatic open channel
with a rectangular cross-section. As the values of
the parameters of a numerical example, consider
the following: channel length £ =2000 m, length
step 4x = 0.667, time ¢ = 1, time step 4t = 0.002,
channel width W= 70 m, stream Q =70 m*/sec,
the stream rate of change Q* =1, and constant
coefficient of friction k£ = 0.001 .

Since we are considering runoff in river
mode, the values A* and V* must correspond to
the inequality gH* >V* 2, and only in this case,
2,(x),A,(x) will take a positive value (4,(x) > 0,
4,(x) > 0). In addition, we must not forget that //*
(x)V* (x) = Q*. Taking into account the above
H* and V'*, we have chosen as

V* (x) =0.01lsin2x + 1,
1

H ()= —
() = 00Tsmax 1

Accordingly, we take 4 (x), 4,(x) as

’ 9.8 .

/112 m+0.00151n2x+1,

Ay = 98 (0.001sin2x + 1)
27 |0001sinzx+1 oo smexr T

We know that stationary states have three
possible dynamics depending on the slope. In
this numerical experiment, we consider the case
when gC = %:2 which means that friction and
tilt “compensate” each other. Then the bottom
slope will have the form

_ k(0.001sin2x+1)3
- 9.8 )

C
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Initial conditions

3(k(0.001sin 2x+1)3-9.8C) +K(0.001 sin 2x+1)2—k(0‘001 sin2x+1)3

= - 9.8
~ x 4<Jm+0.001 sin 2x+1) ZJ%IIZXH
Y10(X) = exp fo \/ o8

0.001sin2x+1

9.8 .
X —————cos2mz—sin2nx |,
0.001sin2x+1

3(k(0.001sin2x+1)3-9.8C) | %(0.001 sin 2x+1)2+k(ﬂ'001 sin2x+1)3

o8 ) o8
<J0.001sm2x+1+°'°°1S'"Z’”l) 20oo1sinzx+1

x4
Y20(x) = exp| J; J .

ds

+0.001sin2x+1

ds

————————0.001sin 2x+1
0.001sIn2x+1

9.8
mCOSZHZ +sin2nx |.

3(k(0.001sin2x + 1) — 9.8C)
yi(x) = - —
4( m+0.001sin2x+ 1)
k(0.001sin2x +1)3
o[98
0.001sin2x +1

(k(0.001sin2x + 1)3 — 9.8C)

9.8 .
4( 0TSz + 0001 sin2x + 1)

k(0.001sin 2 x + 1)2

2H * JgH*

Also, we will be given

+ k(0.001sin2x + 1)?

81(x) = — + k(0.001sin2x + 1)?

0 3_ B 3
(k(0.001sin 2x+1)3-9.8C) +k(0.001sin2x + 1)2 _ k(0.001 sin2x+1)

Y2 (X) = ) { 9.8 !
4(\ 0.001sin 2x+1_0'0(JlSln 2x—1) 2 0.001sin2x+1

3(k(0.001sin 2 x + 1)3 — 9.8C)

8(x) =
9.8 .
4<\/m‘ 000 Sinz= 1)

N k(0.001sin2x + 1)3

) 9.8 '
0.001sin2x+1
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3(k(0.001 sin 2x+1)3-9.8C)

74

5 k(0.001sin2x+1)3

+k(0.001sin 2x+1)

58 - 5.8
_ X 4(J0.001sin2x+1+°'°°15m zx+1) 200015 2x+1
p1(x) =exp| [, = : ds |,
Jm+0.001 sin2x+1
i 3_ H 3
3(k(o.:c;1 sin 2x+1)3-9.8C) £k(0.001 sin 2x+1)2+k(°'°°1 51:82x+1)
x 4(\]0.001 Sinzzs1t0-001sin 2x+1) 2 [oo0Tsin 22+ 1
J+—0.001 sin2x+1
0.001sIn2x+1
o(x) = @1(x)
@2(x)
Then, to determine the numerical solution
(1) — (3), we use the difference splitting scheme T mmax |(2);| = 0.012.
for the lowest terms (4) — (7). According to 15js)

Theorem 2.1, the conditions for exponential
stability of the numerical solution take place in
the fulfilment of the CFL conditions (8), as well
as the parameters of the boundary conditions
b,, bmust satisfy the inequality (11). Simple
calculations show that the CFL condition

Obviously, the values b= -0.001 and b = 0.001
satisfy the inequality (11), it means

~0.001E€(-9.8x10%,-1x10°%),
0.001€R\(~4.667x10°,~4.41x10°°).

Let us give a graph of the L>- norm of the numerical solution in Figure 1 which confirms the
exponential stability of the numerical solution in the L*- norm.

Figure 1: L2- norm of the numerical solution

Now consider the case when the CFL condition is not satisfied

—max
Ax 1<i<2
1<j<)

|2

il =1579
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In this case, the L? - norm of the numerical solution increases with time, which means its
instability (see Figure 2).

Figure 2: Instability of the numerical solution

Using the obtained numerical solution, the change in the height of the river flow at each moment
At was calculated (see Figure 3).

Figure 3: 3D model of flow height change H(z,x)

CONCLUSION

In this note, as conclusion, we have:

1.

Constructed an explicit upwind difference
splitting scheme in the lowest terms for the
linear Saint-Venant equations in the general
case;

Constructed a discrete analogue of the
Lyapunov function for the numerical
solution of the mixed problem for the
system of linear Saint-Venant equations;

Obtained an a priori estimate for the discrete
Lyapunov function;

4. Proved a theorem on the exponential
stability of a numerical solution in the
corresponding norm; and

5. Performed numerical calculations
confirming the theoretical results of the
exponential stability theorem.
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